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A core concern in the research on deep geological disposal of high-level radioactive waste
is the migration of radionuclides in geological bodies. Most studies on radionuclide
migration consider the role of only the rock fissures without incorporating the influence
of the rock matrix. In this paper, the rock mass for geological disposal of high-level
radioactive waste is regarded as a fissure-pore medium. Considering the influences of
radionuclide diffusion and fluid transport on radionuclide migration in the process of
disposal, the governing equation of radionuclide migration and evolution in the pore-fissure
medium is established. The numerical scheme of the governing equation is given based on
the mixed finite volume method (FVM), using our program solution module written in C++.
On this basis, the numerical test model with fissures was developed, which analyzed the
radionuclide migration law in clayey rocks under various fissure and rock matrix diffusion
coefficients and hydraulic conductivities. The simulation results are compared with finite
element method results, revealing the superiority of the mixed FVM method in solving
problems of radionuclidemigration in discontinuous geological bodies containing hiatuses,
mutations, and fissures. The study provides a theoretical basis for evaluating the safety,
feasibility, and suitability of geological disposal repositories for high-level radioactive waste
in terms of radionuclide migration.
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1 INTRODUCTION

During the operation and closure of geological repositories for high-level radioactive waste, the
stored nuclear waste continuously releases radionuclides with long half-lives, strong radioactivity,
and high toxicity (IAEA, 2010; Cho et al., 2012; Wu, 2017). The design life of a geological repository
for high-level radioactive waste is typically tens of thousands of years. On such a long time scale, the
artificial engineering barriers, e.g., nuclear waste packaging, buffer layers, and surrounding rocks and
linings, are likely to experience damage and failure. Coupled with geological structuring,
radionuclides may leak and migrate to surrounding rocks and the biosphere of the repository
(Martin et al., 2009; Grupa et al., 2017). Once the radionuclides enter the ecosystem, they can cause
irreversible radioactive damage and possibly threaten the lives of humans and other organisms
(Labib and Harris, 2015; L’Annunziata, 2016; Ahmad et al., 2019). Therefore, one core challenge in
the safety evaluation of radioactive waste disposal is to quantitatively evaluate the migration law of
radionuclides with underground water and other carriers.
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With low permeability, strong retardation to radionuclide
migration, and self-sealing properties, clayey rocks are
considered reasonable geological barriers for high-level
radioactive waste disposal (Yu et al., 2018; 2021).
Countries like Switzerland, France, and Belgium have
selected clayey rock as a candidate for geological disposal
repositories of high-level radioactive waste. They conducted
significant research and development on clayey rock site
screening and feature evaluation and built underground
clayey rock laboratories (Van Marcke et al., 2010; Jacops
et al., 2015; Bossart et al., 2017; Leupin et al., 2017; Wigger
et al., 2018).

The clayey rock surface, which generally exhibits
electronegativity, is prone to adsorb cations with strong
electrophilicity. Nuclides with weak electrophilicity and
anionic nuclides do not tend to be adsorbed on the clay
surface, and their diffusion is relatively fast (Van Loon
et al., 2007). For radionuclides with strong radioactivity,
high toxicity, and long half-lives, the question arises of
whether multiple barriers can effectively prevent them from
migrating to the biosphere during a long process of geological
disposal. Van Loon et al. (2005) studied the diffusion behavior
of some key elements (e.g., tritiated water (HTO), Cl−, Na+) in
clayey rocks, e.g., Opalinus Clay, using the diffusion cell
method and obtained many migration parameters. In
another study, Leupin et al. (2017) presented the research
results of the Mont Terri Laboratory about material migration
in Opalinus Clay in the last 20 years, which provided valuable
data for the safety evaluation of underground laboratories and
disposal repositories in Switzerland. Additionally, Jacops et al.
(2015; 2017) studied the diffusion coefficients of dissolved gas
and HTO in Boom clayey rocks by the diffusion cell method,
providing a useful experimental basis for the construction of
disposal repositories in Belgium. Bazer-Bach et al. (2006)
provided evidence of a kinetically limited slight retention of
iodide in Callovo-Oxfordian argillites at low total iodine
concentration through batch experiments. Further research
by Altmann et al. (2012) addressed the migration and diffusion
of radionuclides from clayey rocks in the geological nuclear
waste repository to the biosphere. These data of diffusion-
driven transfer in strata revealed extreme differences in the
measurements or simulated behaviors of various
radionuclides, which were mainly due to the varying effects
of halogen elements on diffusion and adsorption. Some
progress has been made in the study of radionuclide
migration laws in clayey rocks. However, radionuclide
migration is time-consuming and slow in transformation, so
some mechanisms and laws require further investigations for a
better understanding.

After lengthy diagenesis and tectonic movement, the clayey
rockmass inevitably contains many pores andmicro-fissures, and
the deep geological disposal repository for radioactive waste
depends on just this geological body. Conventionally, the
migration mechanisms of nuclides in fissured rocks focus on
diffusion, convection, adsorption, and retardation, without
considering the influence of pores. In fact, pores, comprising a
typical non-connecting factor, form the fissure-pore permeability

channel together with fissures. Fissure fillings and rock matrixes
with various hydraulic properties are often encountered in the
geological disposal of radioactive waste. When the permeability of
the filling is better than that of the rock matrix, the network
composed of random fissures will form dominant water channels
and control the overall seepage field and radionuclide migration
of the geological body. When the hydraulic conductivity of the
filling is lower than that of the rock matrix, the fissure network
will form an obstacle into shielding seepage. Under this
circumstance, the rock matrix where the pores are located
controls the overall seepage field, and the filling becomes a
low-permeability barrier, hindering the migration of
radionuclides in the geological body.

Conventional fissure medium models only consider the
mechanical and seepage characteristics of fissures, ignoring the
role of the rock matrix. In most cases, the fissure surface aperture
of the fissured rock mass is relatively large, maintaining good
water conductivity, and the fillings contain mostly rock and soil
materials with good permeability, e.g., weathered sediments. The
water conductivity of the fissure is better than that of the rock
matrix (Zhang et al., 2012; Tran et al., 2021), so the role of the
rock mass can be neglected in the numerical model. However,
when studying the geological disposal of high-level radioactive
waste, the influence of the rock matrix cannot be ignored in the
simulation, and the numerical method for the fissure-pore
medium becomes necessary. The main difference between this
method and conventional porous medium methods is that the
former considers the fissure–fissure and fissure–rock matrix flow
exchanges in numerical discretization.

Currently, fluid migration simulation in fissure-pore media is
mostly based on the finite volume method (FVM) or its improved
versions. Among the various versions, the cell-centered FVM
(CFVM) is the most widely used (Nordbotten, 2014), in which
two major approaches have been formed: embedded discrete
fissure model (EDFM) (Tene et al., 2017) and discrete fissure
model (DFM) (Mohammad and Abbas, 2003). They adopt
different mesh generation methods and discretization methods
and have their respective advantages and disadvantages.
Specifically, EDFM adopts an orthogonally structured mesh
generation, whereas DFM uses a more complex non-structured
triangular mesh. The mesh of EDFM enables weak mesh
dependence, which saves time and energy in mesh processing.
However, because it uses the transfer function to simulate the
flow exchange between the fissure and rock matrix, its accuracy is
lower than that of the DFM method. The DFM method uses a
more accurate conforming mesh and addresses the flow exchange
problem through the pressure gradient of nodes and cells. It takes
the fissure surface as the constraint boundary of meshing and
calls the constrained Delaunay algorithm to realize a non-
structured mesh generation (Mustapha, 2014). The DFM
method is applicable to both CFVM (Nordbotten, 2014) and
nodal-based FVM (NFVM) (Amaziane et al., 2009). To the best of
the author’s knowledge, however, publications on radionuclide
migration analysis have rarely used the mixed FVM.

In this paper, the evolution of radionuclide migration in the
fissure-pore medium is systematically studied by the mixed FVM.
The numerical discretization steps and program module are
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introduced, with the program solution module independently
written in C++ to analyze the diffusion, fluid migration, and
decay of radionuclides in clayey rocks and their migration under
adsorption and retardation of the rock matrix. This study can
provide a theoretical basis for evaluating the safety, feasibility, and
suitability of geological disposal repositories for high-level
radioactive waste in terms of radionuclides migration.

2 RADIONUCLIDE MIGRATION LAW
CONSIDERING DIFFUSION
2.1 Theory of Radionuclide Migration
Considering Diffusion
Similar to the governing equations of heat conduction and fluid
migration, the migration of nuclides in the rock matrix is
governed by mass conservation and satisfies a hyperbolic
partial differential equation (PDE):

zC

zt
+ ∇ · F � f (1)

where C is the concentration, F is the flow function, and f is the
source function, which are all functions of time t and the spatial
coordinate x.

The flow J of the diffusionmaterial in the medium is calculated
by Fick’s first law:

J � −D∇C (2)
where D is the diffusion coefficient, which is a second-order
tensor whose anisotropy and evolution with concentration can be
considered. Its form by components is

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Jx � −Dx

zC

zX

Jy � −Dy
zC

zY

(3)

where Jx and Jy are the diffusion material flows in x and y
direction, respectively;Dx andDy are the diffusion coefficients in
x and y direction, respectively, varying with the concentration;
and zC

zX and zC
zY are the concentration gradients in x and y

direction, respectively.
Substituting Eq. 2 into Eq. 1 Obtains

zC

zt
− ∇ · (D∇C) � f (4)

Equation 4 is the governing equation of radionuclide
migration considering only diffusion, which is applicable to
the diffusion of nuclides without decay or with a research time
scale significantly smaller than the nuclide half-life, without
considering fluid migration and adsorption of the fissure-pore
medium.

The initial boundary values of the PDE system need to be given
at the boundary Γ, whole domain Ω, and time period T to make
the problem well-posed

⎧⎪⎨⎪⎩
C � �C within boundary and time
J � �J within boundary and time
f(J) � �f(J) within whole domain and time

(5)

where T defines the overall duration of the diffusion process and
[0, tn] ∈ T. The iterative time step is advanced through time
discretization by tn+1 � Δt + tn. Eqs 3, 4 and the initial
boundary condition (5) constitute the basic equations of
radionuclide migration considering only diffusion.

When accounting for the influence of natural pores, the pores
can be set to be filled or not. When the pores are filled, the filling
material can be given various diffusion properties with the option
to define as a special fissure or matrix in the numerical processing.
When the pores are not filled, the boundary can be treated as a
special internal boundary, for which only the corresponding
conditions need to be added to the solution.

2.2 Numerical Scheme
According to the basic principle of the FVM method, Eq. 4 is
integrated within the whole spatial domain Ω and
time [tn, tn + Δt]:

∫
Δt
∫

Ω

zC

zt
dVdt + ∫

Δt
∫

Ω
− ∇ · (D∇C)dVdt � ∫

Δt
∫

Ω
QCdVdt

(6)
where zC

zt is the time term. When discretizing the time item, the
choice of implicit or explicit iteration should be made. Implicit
iteration exhibits a high accuracy but involves a complex iterative
process, which is prone to errors in the numerical
implementation. Explicit iteration, though having a slightly
lower accuracy, exhibits high algorithm stability and presents
an easy numerical solution process. Therefore, this paper adopts
the scheme of explicit iteration to approximate Eq. 6:

∫
Ω

Cn+1 − Cn

Δt dV + ∫
Ω
− ∇ · (D∇C)ndV � ∫

Ω
Qn

CdV (7)

The first term on the left side of Eq. 7 represents the time
discretization, the second term is the diffusion, and the right-
hand side is the source-sink term. Considering model
establishment and mesh generation, the total number of cells
in the region is denoted as nall, and Eq. 7 is discretized spatially to
form a semi-discrete scheme:

∑nall
i�1

∫
Ωele
i

Cn+1 − Cn

Δt dV +∑nall
i�1

∫
Ωele
i

− ∇ · (D∇C)ndV � ∑nall
i�1

∫
Ωele
i

Qn
CdV

(8)
where ∑nall

i�1 ∫Ωele
i
dV sums the integrals of each cell and Ωele

i
represents a fissure or rock matrix cell.

Eq. 8 is applicable to radionuclide migration in the fissure-
pore medium considering diffusion. To transform the semi-
discrete scheme of Eq. 8 into a fully discrete one, the field
variable is interpolated to find a solution C. In this paper, the
piecewise interpolation function of the finite element is used for
the interpolation of variables at arbitrary points.
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The CFVM has a piecewise-continuous interpolation function
and, therefore, is regarded as a special finite element method
(FEM). The numerical solution aims to solve the governing
equation and the unknown concentration field variable C
under the initial boundary values. In this paper, the trial
function in the sense of the finite element is adopted, and the
shape function of the Galerkin finite element ζ enables the
interpolation approximation of the concentration field variable:

C � ∑nall
i�1

ζ iCi (9)

Therefore, the concentration at any point in the domain can be
solved by Eq. 9. The shape function ζ of the Galerkin finite
element is as follows:

ζ i � { 1 Cell i
0 Cell j

(10)

The shape of the piecewise interpolation function ζ
represented by Eq. 10 is piecewise-continuous in terms of
cells. Owing to the characteristics of the CFVM, the
concentration remains constant within cell i and abruptly
changes on its boundary with the adjacent cell j. This method
can describe the step-change in concentration field between the
fissure and rock matrix cells, which is different from the
continuous, differentiable boundary in conventional FVM. If ζ
is classified as a special finite element shape function, the mixed
FVM can be regarded as a special discontinuous finite element
scheme.

Substituting Eq. 9 for the field variable to be solved in Eq. 8,
transforming the volume integral of the diffusion term into a
surface integral through the Gauss’s formula, and considering the
spatial discretization, the fully discrete scheme of the mixed FVM
for radionuclide migration simulation in the fissure-pore medium
considering only diffusion can be obtained as

Viζ i
Δt (Cn+1

i − Cn
i ) + ∑n

neig
i

p�j,k,m
JnipAip � Qn

CVi (11)

where nneigi represents the number of adjacent cells for Cell i.
For triangular meshes, the adjacent cells of any non-
boundary cell i are j, k, and m, whereas the adjacent cells
of a boundary cell are j and k, or only j. The volume of Cell i is
Vi (area in a two-dimensional problem); Δt is the iterative
time step, and the time is updated at each step by
tn+1 � tn + Δt; ζ i is the interpolation function defined in Eq.
10; Jip is the diffusion vector between i and p. The second item
in the above formula is refined to

∑n
neig
i

p�j,k,m
JnipAip � ∑n

neig
i

p�j,k,m
[ΛC

ip(ζ iCi − ζpCp)]n (12)

where ΛC
ip is the concentration transfer coefficient that considers

the diffusion between two adjacent cells. Following the treatment
in numerical heat transfer theory and computational fluid

dynamics considering the diffusion interaction between two
adjacent cells, ΛC

ip takes the harmonic average between the two
adjacent cells in Eq. 9:

ΛC
ip �

ΛC
i ΛC

p

ΛC
i + ΛC

p

(13)

whereΛC
i represents the diffusion coefficient between i, and p and

is calculated by

ΛC
i � AipD

Dip
(14)

where Dip is the distance from i to the common-side surface
(common side in a two-dimensional problem) of p, and D is the
diffusion coefficient.

Figure 1 displays a possible case of flow exchange. Taking the
flow transport between i and j as an example, the straight line lij is
the common side between i and j, the length is denoted as ΔAij,
and the angle between lij and the vertical line is θ. Combined with
Eq. 3, the following holds:

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
QCx � −Dx(ΔAij cos θ)ΔC cos θ

Dij

QCy � −Dy(ΔAij sin θ)ΔC sin θ
Dij

(15)

where QCx represents the amount of material transferred in x
direction andQCy indicates the amount of material transferred in
y direction. The total amount of transferred material is QC by
summing the two:

QC � QCx + QCy � −ΔAij
ΔC
Dij

(Dx cos
2 θ +Dysin

2θ) (16)

Comparing Eqs 12, 14, 16, the comprehensive diffusion
coefficient D is obtained as

D � Dx cos
2 θ +Dy sin

2 θ (17)

FIGURE 1 | Flow exchange.
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The concentration transfer coefficient ΛC
i in Eq. 12 in

anisotropic cases is rewritten as

ΛC
i � ΔAip(Dx cos2 θ +Dysin2θ)

Dip
(18)

Equation 17 degenerates into a case of isotropy when
Dx � Dy. The values of cos2 θ and sin2 θ are greater than or
equal to zero, indicating that the concentration transfer
coefficient ΛC

i in Eq. 17 is not affected by the inflow or
outflow direction of the upwind scheme. Additionally, this
means ΛC

i is only determined by the position of the common
side, which is a universal case. In the numerical simulation, the
position of the common side is determined by its two ends. Since
the coordinates of these two ends are known, the corresponding
angle θ can be easily obtained.

2.3 Program Implementation
The numerical discretization method for simulating radionuclide
migration in the fissure-pore medium bymixed FVM considering
only diffusion is thoroughly described in the previous sections.
The key challenge of numerical implementation is the use of
explicit iteration to handle the time term in the governing
equation and the diffusion material flow exchange between the
fissure and rock mass. This section introduces the radionuclide
migration simulation program. The main modules of numerical
simulation for the fissure-pore medium are the following: (1) pre-
processing (the generation of fissure and matrix cells using the
ABAQUS pre-processing module), (2) the assembly of the
diffusion and migration governing equations (based on mixed
FVM), (3) iterative calculation in time steps, and (4) post-
processing (using Paraview).

The heterogeneous diffusion coefficient can be considered in the
simulation of radionuclidemigration by assigning various diffusion
coefficients to the fissure and rock matrix cells. Anisotropic
diffusion coefficients (Dx ≠ Dy) of a homogeneous material can
also be considered, which can automatically degenerate into
isotropic diffusion when Dx � Dy. The radionuclide migration
simulation program was independently developed with C++. The
physical essence of this process is material transport, the most
prominent feature of which is time dependence, as reflected by the
time term zC

zt in Eq. 6. Because of this time correlation, an iterative
method is used to solve the transportation process, and explicit
iteration is adopted here. First, the amount of material diffusion is
solved based on the concentration at the end of the previous
iteration, followed by the solution of the concentration increment.
In other words, the concentration at the end of the current iteration
is obtained, which is then used as the initial concentration of the
next iteration.

2.4 Example Analysis
This section explains how our developed mixed FVM program
was analyzed through the numerical test model of clayey rocks
with orthogonal fissures, as displayed in Figure 2. The model was
a square with a side length of 9 m, in the middle of which were
two orthogonal fissures. Each fissure was 5 m long and 0.1 m
wide. The left boundary of the model was where the nuclides were

injected, so the concentration was maintained at C = 1mol/m3. The
right boundary was set as the nuclide output position, and the
concentration was maintained at C = 0mol/m3. At the other
boundaries, the material flow conditions were set to JCU � JCD �
0.

Various studies have been conducted to obtain the diffusion
coefficient for the migration of radionuclides through the host rock.
Meeussen et al. (2017) estimated the pore diffusion coefficient of
Boom Clay, which was in the range of 5.7 × 10–12 to 8.5 × 10–9 m2/s.
When setting the arbitrary test values for the compartments’ waste
and host rock (Boom Clay) radionuclides used in the benchmark
calculations, Grupa et al. (2017) chose 2.0 × 10–10 m2/s for the
diffusion coefficient. Based on diffusion experiments, Bucur et al.
(2000) found that the diffusion coefficient of main radionuclide CS-
137 and \Co-60 ranged from 9.89 × 10−9–6.5 × 10–8 m2/s and 7.59 ×
10−9–4.94 × 10–8 m2/s, respectively, in red clay with a higher
montmorillonite content.

Here, we chose Dm � Dmx � Dmy � 5 × 10−10 m2/s as the
diffusion coefficient for the clayey rock matrix. To study the
influence of fissures on the migration and diffusion of ions or
nuclides, three conditions were assumed for the diffusion
coefficient in fissures: Condition A (Df/Dm � 1 × 100,
i.e., Df � 5 × 10−8 m2/s, where Df is the nuclide diffusion
coefficient in fissures), Condition B (Df/Dm � 1,
i.e., Df � 5 × 10−10 m2/s), and Condition C (Df/Dm � 0.01,
i.e., Df � 5 × 10−12 m2/s). The concentration of injected
nuclides was 1 mol/m3.

The mixed FVM adopted a total of 1670 triangular cells, and
441 DC2D4 cells were used in ABAQUS. The mass diffusion
(transient) analysis step was used for the calculation, the total
time was set to 1.5763 × 1010 s (500 years), and the initial and
maximum time increment step was set to 3.1536 × 107 s (1 year).
The simulation results of the mixed FVMmethod were visualized
through the open-source software Paraview, and the ABAQUS
simulation results were displayed through the ABAQUS/CAE
post-processing module, as presented in Figures 3–5. ABAQUS
allowed the “Monitor” function for dynamic monitoring in the

FIGURE 2 | Fissure-pore medium model with orthogonal fissures.
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calculation. When the time interval of each ABAQUS step in the
implicit iterative calculation was 3.1536 × 107 s (1 year),
convergence was possible. Considering the boundary
conditions, internal concentration field distribution, and the
concentration change of each time increment step, the time
increment Δt of the mixed FVM program was configured to
3.1536 × 105 s, which achieved adequate calculation accuracy of
each time increment step (the 2-norm of all cell residuals
‖Rn‖2 ≤ 1 × 10−5, defined below) and maintained a sufficient
calculation efficiency.

The residual of each time step is defined as

Rn � [Rn
m Rn

f ] (19)
where Rn

m represents the vector composed of rock matrix cell
residuals in the nth time iteration step and Rn

f represents the
vector composed of rock fissure cell residuals in the nth time
iteration step.

For a single rock matrix cell i, the residual Rn
mi in the nth time

iteration step is defined as

Rn
mi �

Viζ i
Δt (Cn+1

i − Cn
i ) + ∑n

neig
i

p�j,k,m
[ΛC

ip(ζ iCi − ζpCp)]n+1 − Qn+1
C Vi

(20)
In addition, for a single rock fissure cell i, the residual Rn

fi in
the nth time iteration step can be defined as

Rn
mi �

ΔLiΔaiζ i
Δt (Cn+1

i − Cn
i ) + ∑n

neig
i

p�j,k,m
[ΛC

ip(ζ iCi − ζpCp)]n+1
− Qn+1

C ΔLiΔai (21)

where ΔLi is the length of fissure i and Δai is the width of fissure i.
Therefore, the rationality of the time increment Δt choice in the
mixed FVM program could be examined by the 2-norm ‖Rn‖2 of
residuals.

The numerical test results revealed that the nuclide
concentration distributions in the matrix calculated by mixed
FVM and ABAQUS were roughly the same, though a large
difference was present around the fissures:

(a) For Df/Dm � 100 (Figure 3), the diffusion coefficient of
nuclides in the fissure was two orders of magnitude larger
than that in the matrix, so the fissure was equivalent to a
dominant diffusion channel. Between 100 and 250 years,
nuclides rapidly diffused and accumulated along the
fissures, which also altered the concentration field of the
matrix around the fissures. The matrix nuclide concentration
distribution calculated by mixed FVM exhibited obvious
step-changes near the fissures. The results of the FEM
showed that the concentration distribution near the
fissures was relatively continuous, with some extensions
and bends at the left and right tips of the orthogonal

FIGURE 3 | Comparison of the mixed FVM and ABAQUS FEMs under Condition A (Df /Dm � 100). (A) Mixed FVM. (B) ABAQUS FEMs.
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fissures, which did not fully reflect the influence of fissures on
nuclide diffusion in the matrix.

(b) For Df/Dm � 1 (Figure 4), the diffusion coefficient of the
fissure was equivalent to that of the matrix. From the
perspective of nuclide diffusion, the influences of fissure
and matrix on diffusion were essentially the same. From
the beginning of diffusion to 500 years afterward, the nuclide
gradually diffused horizontally, and the fissures could be
regarded as a part of the matrix, which had little impact on
nuclide diffusion. In this case, the calculation results of the
mixed FVM and FEMs were consistent, indicating the
applicability of mixed FVM in simulating the diffusion
behavior of ions or nuclides in continuous media.

(c) For Df/Dm � 0.01 (Figure 5), the diffusion coefficient of the
fissure was two orders of magnitude smaller than that of the
matrix, so the fissure was equivalent to a diffusion barrier.When
the radionuclides diffused to the vertical fissure, the diffusion
rate decreased because of the low diffusion coefficient. The
radionuclides continued to gather near the fissure, and the
concentration was higher than that of the matrix on the upper
and lower sides. Blocked by the fissure, the diffusion area of
nuclides in the matrix under this condition was smaller than
that under Conditions A and B at 500 years. According to the
results of FVM, a step-change in nuclide concentration was
evident on both sides of the vertical fissure. The results
calculated by the FEM revealed a considerable change only

in themiddle of the vertical fissure, which could still be regarded
as a continuous change.

3 RADIONUCLIDE MIGRATION LAW
CONSIDERING FLUID TRANSPORT
3.1 Theory of Radionuclide Migration
Considering Fluid Transport
The migration of nuclides in underground rocks is often
accompanied by the migration of groundwater, so the
convection term needs to be added to the governing equation:

zC

zt
+ ∇ · F + ∇ · (uC) � f (22)

The third term on the left side of Eq. 22 can be equivalent to:

∇ · (uC) � C · ∇u + u · ∇C (23)
In a stable flow field, assuming that the fluid is incompressible

and the divergence of fluid velocity is zero. That is to say C ·
∇u � 0 Eq. 22 can be transformed:

zC

zt
+ ∇ · F + u · ∇C � f (24)

where u is the fluid velocity. Groundwater is dominated by
seepage, so u can be obtained from Darcy’s Law:

FIGURE 4 | Comparison of the mixed FVM and ABAQUS FEMs under Condition B (Df /Dm � 1). (A) Mixed FVM. (B) ABAQUS FEMs.
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u � K∇H (25)
where K is the hydraulic conductivity and H is the head.
Considering the influences of anisotropy and temperature on
the hydraulic conductivity, Eq. 25 can be rewritten as

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ux � −Kx

zH

zx

uy � −Ky
zH

zy

(26)

where ux and uy are the penetration rates in x and y directions,
respectively; Kx and Ky are the hydraulic conductivities in x and
y directions, respectively, which are related to temperature; and
zH
zx and zH

zy are the hydraulic gradients in x and y directions,
respectively. Substituting Eq. 26 into the convection term in Eq.
24 yields

u · ∇C � ux
zC

zx
+ uy

zC

zy
� −Kx

zH

zx

zC

zx
−Ky

zH

zy

zC

zy
(27)

Equation 24 is the convection term of the governing equation
considering fluid transport. Otherwise, the boundary conditions
and the scheme accounting for the influence of pores are
consistent with those introduced in Section 2.1 Eq. 24 can
describe the diffusion and migration of nuclides under fluid
transport without decay or with a research time scale much
smaller than the nuclide half-life, such as the migration of

nuclides in rock matrixes containing groundwater, in the
atmosphere (Ge et al., 2021), and with the ocean current in
coastal areas (Li et al., 2020).

3.2 Numerical Scheme
According to the basic principle of FVM, Eq. 24 is integrated over
the whole spatial domain Ω and time [tn, tn + Δt]:

∫
Δt
∫

Ω

zC

zt
dVdt + ∫

Δt
∫

Ω
− ∇ · (D∇C)dVdt + ∫

Δt
∫

Ω
u · ∇CdVdt

� ∫
Δt
∫

Ω
QCdVdt

(28)
The time term of Eq. 28 is discretized numerically. From

Section 2.4, the explicit iteration algorithm is relatively simple
and easy to implement. This highly efficient calculation achieves
accuracy without solving the equations in each time increment
step. Therefore, this section also adopts explicit iteration to
approximate Eq. 28:

∫
Ω

Cn+1 − Cn

Δt dV + ∫
Ω
− ∇ · (D∇C)ndV + ∫

Ω
u · ∇CndV � ∫

Ω
Qn

CdV (29)

The first term on the left side of Eq. 29 is the time-discrete
term, the second term represents diffusion, the third term is
convection, and the right-hand side is the source-sink term.
Considering model establishment and mesh generation (the

FIGURE 5 | Comparison of the mixed FVM and ABAQUS FEMs under Condition C (Df /Dm � 0.01). (A) Mixed FVM. (B) ABAQUS FEMs.
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total number of cells is nall), Eq. 29 is discretized in the spatial
domain to form a semi-discrete scheme:

∑n
all

i�1
∫

Ωele
i

Cn+1 − Cn

Δt dV +∑n
all

i�1
∫

Ωele
i

− ∇ · (D∇C)ndV +∑n
all

i�1
∫

Ωele
i

u · ∇CndV

� ∑n
all

i�1
∫

Ωele
i

Qn
CdV (30)

The shape function ζ of Eq. 10 of the Galerkin finite element is
used to interpolate and approximate the concentration field
variable C, and the volume integral of the diffusion term is
transformed into a surface integral by Gauss’s formula. The
semi-discrete scheme in Eq. 30 is transformed by integration
to a fully discrete scheme of mixed FVM for radionuclide
migration simulation in the fissure-pore medium considering
fluid transport:

Viζ i
Δt (Cn+1

i − Cn
i ) + ∑n

neig
i

p�j,k,m
[ΛC

ip(ζ iCi − ζpCp)]n

+ ∑n
neig
i

p�j,k,m
[ux(ζpCp − ζ iCi) cos θ

ΛD
ip

+ uy(ζpCp − ζ iCi) sin θ
ΛD

ip

]n

Vi

� Qn
CVi (31)

where ΛD
ip represents the harmonic average of the distances

between i and its adjacent cells, as expressed by

1

ΛD
ip

�
1
Dip

1
Dpi

1
Dip

+ 1
Dpi

(32)

The penetration rates ux and uy in x and y directions,
respectively, can be expressed as follows, based on previous
discussions:

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ux � −Λ

H
ip cos θ
Aip

(ξpHp − ξiHi)

uy � −Λ
H
ip sin θ
Aip

(ξpHp − ξ iHi)
(33)

The residual of each time iteration step can be defined as:

Rn � [Rn
m Rn

f ] (34)
For a single rock matrix cell i, the residual Rn

mi in the nth time
iteration can be defined as

Rn
mi�

Viζ i
Δt (Cn+1

i −Cn
i )+ ∑n

neig
i

p�j,k,m
[ΛC

ip(ζ iCi−ζpCp)]n+1+

∑n
neig
i

p�j,k,m
[ux(ζpCp−ζ iCi)cosθ

ΛD
ip

+uy(ζpCp−ζ iCi)sinθ
ΛD

ip

]n+1
Vi−Qn+1

C Vi

(35)
For a single rock fissure cell i, the residual Rn

fi in the nth time
iteration step can be defined as:

Rn
mi �

ΔLiΔaiζ i
Δt (Cn+1

i −Cn
i )+ ∑n

neig
i

p�j,k,m
[ΛC

ip(ζ iCi − ζpCp)]n+1

+ ∑nneig,matrix
i

p�j,k
[ux(ζpCp − ζ iCi)cosθ

ΛD
ip

+ uy(ζpCp − ζ iCi)sinθ
ΛD

ip

]n+1
ΔLiΔai

+ ∑nneig,fraturei

p�j,k,m,n

u(ζpCp − ζ iCi)n+1
ΛD

ip

ΔLiΔai −Qn+1
C ΔLiΔai (36)

where ΔLi is the length of the fissure i and Δai is the width of i.
Therefore, the rationality of the time increment Δt choice in the
self-made mixed FVM program can be verified using the 2-norm
‖Rn‖2 of residuals.

3.3 Program Implementation
The numerical discretization methods for simulating
radionuclide migration in the fissure-pore medium by mixed
FVM considering diffusion and fluid transport have been
introduced in the previous sections. This section discusses the
simulation program. The radionuclide migration simulation
program module was independently developed in C++. When
accounting for the effect of the seepage field, the time scale of the
seepage pressure is extremely small compared to that of
radionuclide migration because it propagates in the form of a
pressure wave. Therefore, in the numerical solution, the two
activities can be separated by sequential decoupling. In other
words, the distribution of osmotic pressure can be solved first,
and then the distribution of the concentration field under fluid
transport can be solved by the convection term in the governing
equation.

The main modules of fissure-pore medium simulation are (1) pre-
processing (fissure and matrix cells are divided using the ABAQUS
pre-processing module), (2) the assembly and solution of the seepage
governing equation matrix (based on mixed FVM), (3) the assembly
of the diffusion and migration governing equation matrix (based on
mixed FVM, considering the influence of the seepage field), (4)
iteration in time steps, and (5) post-processing (using Paraview).
Thefissure-poremediummodeling and cell division in pre-processing
are conducted in the ABAQUS pre-processing module. The
radionuclide migration simulation program in this section can
account for cases of homogeneous or heterogeneous properties,
isotropic or anisotropic diffusion, and permeability. Each cell in the
fissure and rock matrix is assigned with diffusion and hydraulic
conductivities corresponding to the required research condition.
The physical essence of this process is material transport, the most
prominent features of which are time and flow dependencies, as
reflected by the time term zC

zt and convection term u · ∇C in Eq. 24.
The simulation program first solves the time-independent flow field
distribution and then solves the time-dependent transport process by
explicit iteration.

3.4 Example Analysis
3.4.1 Validation of the Mixed FVM Program
Our mixed FVM program was analyzed through the numerical
test model of a clayey rock with two vertical fissures, as
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displayed in Figure 6, and validated with the calculation
results of Yan et al. (2020). The model was a square with a
side length of 0.1 m. The length of both fissures was 0.02 m,
and the width was 0.002 m. The left boundary of the model was
set as the nuclide injection position, where the concentration
was maintained at C = 1 mol/m3. The right boundary was set as
the nuclide output position, and the concentration was kept at
C = 0 mol/m3. The other boundary material flows were set to
JCU � JCD � 0. The head boundary conditions were set asHL �
1 m, HR � 0 m. The left boundary of the model was set as the
fluid injection position, and the right boundary was set as the
fluid outflow position. The other boundary material flows were
configured as qHU � qHD � 0. The diffusion coefficient of
nuclides in the rock matrix was Dm � 9 × 10−11 m2/s; the
fissure was of the diffusion insulation type, and the
diffusion coefficient was Df � 9 × 10−14 m2/s. The hydraulic
conductivity of the rock matrix was Km � 9 × 10−11 m/s; the
fissure was of the seepage-insulation type, and the hydraulic
conductivity was Kf � 9 × 10−14 m/s.

The mixed FVM adopted 1261 triangular cells, and the total
time was set to 1.728 × 107 s (200 days). The time increment Δt
of the mixed FVM program was set to 1.728 s, considering the
boundary conditions, the internal concentration field
distribution, and the concentration change in each time
increment step. This choice achieved sufficient calculation
efficiency and accuracy of each time increment step (2-
norm of all cell residuals ∑ ‖R‖2 ≤ 1 × 10−5). The simulation
results of the mixed FVM method were visualized through
Paraview, as shown in Figure 7 with the calculation results of
Yan et al. (2020).

The numerical results revealed that the radionuclides
moved from left to right under the influence of diffusion
and fluid transport, and the concentration field distributions
calculated by the two methods were roughly the same, which
indicated the accuracy and effectiveness of the mixed FVM
program. Because the fissure had diffusion- and seepage-
insulation properties, the fissure hindered the migration of
materials and affected the concentration field distribution in
the whole region. Especially on both sides of the fissure, a step-
change in the concentration field was present. To enhance the
finite element calculation results, Yan et al. (2020) hollowed
the fissure part. Using the mixed FVM, however, the step-
change in concentration could be observed clearly without
subsequent treatment. Therefore, the mixed FVM more
effectively describes discontinuous media involving hiatuses,
mutations, and fissures.

FIGURE 6 | Fissure-pore medium model with two vertical fissures.

FIGURE 7 | Comparison of the mixed FVM and FEMs.(A) Mixed FVM (B) FEMs (Yan et al., 2020)

TABLE 1 | Parameter settings.

Conditions Km (m/s) Dm (m2/s) Km/Dm (m−1) Kf (m/s) Kf/Km

A 9 × 10–9 9 × 10–11 100 9 × 10–12 0.001
B 9 × 10–6 1000

C 9 × 10–11 9 × 10–11 1 9 × 10–14 0.001
D 9 × 10–8 1000

E 9 × 10–13 9 × 10–11 0.01 9 × 10–16 0.001
F 9 × 10–10 1000
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3.4.2 Effect of Hydraulic Conductivity on Radionuclide
Migration
For the model shown in Figure 6, the mixed FVM method adopted
triangular cells to study the influence of rock matrix and fissure

permeability on radionuclide migration. The diffusion and hydraulic
conductivities used in the simulation are displayed inTable 1. The total
timewas set to 1.728 × 108 s (2,000 days), and the other parameters and
boundary conditions were the same as those in Section 3.4.1.

FIGURE 8 | (Continued).
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FIGURE 8 | (Continued). Distribution pattern of radionuclide migration concentration under various conditions. (A) Condition A (Km � 9 × 10−9 m/s,
Kf � 9 × 10−12 m/s). (B) Condition B (Km � 9 × 10−9 m/s, Kf � 9 × 10−6 m/s). (C) Condition C (Km � 9 × 10−11 m/s, Kf � 9 × 10−14 m/s). (D) Condition D
(Km � 9 × 10−11 m/s, Kf � 9 × 10−8 m/s). (E) Condition E (Km � 9 × 10−13 m/s, Kf � 9 × 10−16 m/s) (F) Condition F (Km � 9 × 10−13 m/s, Kf � 9 × 10−10 m/s).
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By comparing the distribution patterns of radionuclide
migration concentration under various conditions as in
Figure 8, the following conclusions could be drawn:

(a) Under Conditions A and B in Figures 8A,B, whereKm/Dm �
102 m−1, fluid transport played a major role in radionuclide
migration. Nuclides diffused and migrated rapidly along the
direction of water flow. For Condition A, the hydraulic
conductivity of the fissure was far smaller than that of the
matrix, and, clearly, the fissure blocked fluid seepage and
nuclide diffusion. For Condition B, the hydraulic
conductivity of the fissure was far greater than that of the
matrix, so the fissure was the dominant channel of seepage
though still blocked nuclide diffusion. The nuclide
concentration distributions on the fifth day revealed the
blocking effect of fissures on radionuclide migration.
Nuclide migration near the fissure and rock matrix
interface was affected by both fluid transport and
diffusion. Figure 9 displays the distribution pattern of
water pressure on the fifth day under Conditions A and B.
Under Condition A, the water pressure changed because of
the fissure, and the fluid transport near the fissure weakened,
blocking radionuclide migration. Under Condition B in
Figure 9B, because the fissure could channel water, the
water pressure distribution was relatively uniform.
Although the fissure acted as a barrier of nuclide
diffusion, the nuclide managed to pass smoothly via fluid
transport; therefore, the distribution of the nuclide
concentration field in the rock matrix behind the fissure
was different from that under Condition A. As a result, the
time for the full coverage of nuclides under Condition A was
longer than that under Condition B.

(b) Under Conditions C and D in Figures 8C,D, where
Km/Dm � 1 m−1, the influences of fluid transport and
diffusion on radionuclide migration were comparable.
As the hydraulic conductivities of matrix and fissure
were both considerably reduced, the nuclide migration

rates under Conditions C and D were significantly lower
than that under Conditions A and B, respectively. The
fissures under Conditions C and D hindered fluid seepage
and nuclide diffusion. When the final stable state was
reached, the areas of high nuclide concentration were
significantly reduced, and the influences of flow field on
concentration field distribution were less, as compared to
those of Conditions A and B, respectively. Radionuclide
migration rates under Conditions C and D were similar,
revealing that when effects of transport and diffusion were
comparable, the hydraulic conductivity difference between
the vertical fissure and the rock matrix had little impact on
the radionuclide migration rate under the studied
time scale.

(c) Under Conditions E and F in Figures 8E,F, where Km/Dm �
10−2 m−1, the effect of diffusion was dominant in
radionuclide migration, and the fluid transport weakened.
In the process of radionuclide migration to the right, the
migration rates under Conditions E and F were slower than
that under Conditions C and D, respectively, and the fissure
hindered fluid seepage and nuclide diffusion. When the final
stable state was reached, the areas of high nuclide
concentration under Conditions E and F were smaller,
manifesting smaller influences of the flow fields on the
concentration field distributions, when compared to those
under Conditions C and D. The nuclide diffusion rates of
Conditions E and F were roughly the same, indicating that
when the diffusion effect dominated, the hydraulic
conductivity difference between the vertical fissure and the
rock matrix had little impact on the radionuclide
migration rate.

4 CONCLUSION

In this paper, the rock mass around the geological disposal
repository for high-level radioactive waste was regarded as a

FIGURE 9 | Distribution pattern of water pressure under Conditions A and B. (A) Condition A, (B) Condition B.
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fissure-pore medium to determine the influences of nuclide
diffusion and fluid transport on radionuclide migration in the
rock mass during high-level radioactive waste disposal. The
governing equation of radionuclide migration and evolution in
the pore-fissure medium is established. The corresponding
numerical scheme is given based on the mixed FVM method,
using our program solution module written in C++. On this
basis, a numerical test model containing fissures was
established to analyze the nuclide migration process in the
clayey rock under various fissure and rock matrix diffusion
conditions. The comparison of the effects of the rock matrix
and fissure hydraulic conductivities on radionuclide migration
yielded the following conclusions. When fluid transport
dominated in radionuclide migration, the radionuclide
migration rate was high, and the distribution of
concentration field in the migration process was greatly
affected by the permeability difference between the fissure
and the rock matrix. When the fluid transport and diffusion
effects were comparable or when the diffusion played a major
role, the radionuclide migration rate decreased. Additionally,
the permeability difference between the fissure and the rock
matrix had little impact on concentration field distribution in
the process of diffusion migration. The comparison between
the mixed FVM and the finite element methods using
ABAQUS revealed significant advantages of the mixed FVM
method in describing discontinuous media involving hiatuses,
mutations, and fissures. By changing the parameters such as
diffusion and hydraulic conductivities, the method can be
applied in the study of radionuclide migration laws in other
geological bodies with high-level radioactive waste. This study
will provide an important scientific basis for the failure
analysis of the geological disposal of HLW.
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