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Abstract

In this paper, we present Binet’s formulas, generating functions, and the summation formulas for
generalized Pentanacci numbers, and as special cases, we investigate Pentanacci and Pentanacci-
Lucas numbers with their properties. Also, we define Gaussian generalized Pentanacci numbers
and as special cases, we investigate Gaussian Pentanacci and Gaussian Pentanacci-Lucas numbers
with their properties. Moreover, we give some identities for these numbers. Furthermore, we
present matrix formulations of generalized Pentanacci numbers and Gaussian generalized
Pentanacci numbers.

Keywords: Pentanacci numbers; Pentanacci-Lucas numbers; Gaussian Pentanacci numbers; Gaussian
Pentanacci-Lucas numbers.

2010 Mathematics Subject Classification: 11B37, 11B39, 11B8&83.

*Corresponding author: E-mail: yuksel_soykan@hotmail.com;


http://www.sdiarticle4.com/review-history/59550

Soykan; ARJOM, 16(9): 102-121, 2020; Article no.ARJOM.59550

1 Introduction

In this work, we investigate generalized Pentanacci numbers and give properties of Pentanacci
and Pentanacci-Lucas numbers as special cases. We also define Gaussian generalized Pentanacci
numbers and give properties of Gaussian Pentanacci and Gaussian Pentanacci-Lucas numbers as
special cases. First, in this section, we present some background about generalized Pentanacci
numbers.

There have been so many studies of the sequences of numbers in the literature which are defined
recursively. Two of these type of sequences are the sequences of Pentanacci and Pentanacci-Lucas
which are special case of generalized Pentanacci numbers. A generalized Pentanacci sequence
{Vitnzo = {Va(Vo, V1, Va2, V3, Vi) }n>0 is defined by the fifth-order recurrence relations

Vn =Vh_1+ Vn—2 + Vn—3 + Vn—4 + Vn—s, (11)
with the initial values Vo = co, Vi = c1, Vo = ¢2, V3 = ¢3, Va = c4 not all being zero.
The sequence {V;, }n>0 can be extended to negative subscripts by defining
Von = _V—(n—l) - V—(n—2) - V—(n—3) - V—(n—4) + V—(n—5)
for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.

The first few generalized Pentanacci numbers with positive subscript and negative subscript are
given in the following Table 1.

Table 1. A few generalized Pentanacci numbers

n Vo V_n

0 Co Co

1 c1 —Ccp—C1—C2—C3+cq
2 C2 203 — C4

3 C3 262 — C3

4 cq 2¢1 — ¢

5 cot+ci+catcez+ca 2¢co — c1

6 co + 2c1 + 2¢2 + 2¢3 + 2¢4 —3co — 2¢1 — 2¢2 — 2¢3 + 2¢4
7 2¢o + 3¢y +4es + 4es + 4ey co+ c1+ co+ des — 3ea
8 4eco + 6¢1 + Tea + 8cs + 8ca 4co — 4es + ca

9 8co + 12¢1 + 14c¢2 + 15¢3 + 16¢4 4cy — 4eo + c3

10 16¢co + 24c¢1 + 28¢2 + 30c3 + 31ey 4eg — 4er + c2

We consider two special cases of V,, : V,(0,1,1,2,4) = P, is the sequence of Pentanacci numbers
(sequence A001591 in [1]) and V,(5,1,3,7,15) = @, is the sequence of Pentanacci-Lucas numbers
(A074048 in [1]). In other words, Pentanacci sequence {P,},>o and Pentanacci-Lucas sequence
{Q@Qn}n>0 are defined by the fifth-order recurrence relations

P, = n—1+Pn—2+Pn—3+Pn—4+Pn—57 PO:07P1:17P2:1,P3:27P4:4 (12)
and

Qn = anl + Qn72 + Qn73 + Qn74 + Qn75a QO = 57 Ql - 1> QQ = 3> QS - 77 Q4 =15 (13)

respectively. Pentanacci sequence has been studied by many authors, see for example [2], [3].

Next, we present the first few values of the Pentanacci and Pentanacci-Lucas numbers with positive
and negative subscripts in the following Table 2.
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Table 2. A few Pentanacci and Pentanacci-Lucas Numbers

n 0 1 2 3 4 5 6 7 8 9 10 11 12
P, 0 1 1 2 4 8 16 31 61 120 236 464 912
P_, 0 0 0 1 -1 0 0 0 2 -3 1 0
Qn 5 1 3 7 15 31 57 113 223 439 863 1695 3333
Q-n -1 -1 -1 -1 9 -7 -1 -1 -1 19 —23 5

For all integers n, usual Pentanacci and Pentanacci-Lucas numbers can be expressed using Binet’s
formulas

an+3 Bn+3

+
(a=B)a=7)(ax=8)(a=A) (B-a)(B-7)(B—-8)B -
"/"+3 snt+3 Ant3

S S TC YO R T | R P T Y e 7 S | S G WS v W}V W Y 6

P, =

(see Theorem 2.2) or

a—1 n—1 B_l n—1 ’Y_]- n—1 0—-1 n—1 A—1 n—1
P, = A 1.4
ta—10° Tor—10” tTe-10” 66-10° Ter—10 (1.4)
(see for example [4])
and
n=a"+ 8"+ 48+ A"
respectively, where «, 8,7, and A are the roots of the equation
2’ —zt = -2 -z —1=0. (1.5)

Moreover, the approximate value of a, 3,7,6 and X\ are given by

= 1.9659

= —0.67835 + 0.458 541
= —0.67835 — 0.458 541
= 0.19538 + 0.848 851
= 0.19538 — 0.848 851.

> o 2 ™ R

In fact, there are no solutions of the characteristic equation (1.5) in terms of radicals, see [5].

Note that we have the following identities:

a+B+v+o+N = 1,
af+al+ay+BA+ad+By+ Ay +B6+ A +v0 = -1,

afA + afy +ady +aBd+ard + BA\y +ayd + BAS + Byd +Ayd = 1,
aff Ay + afAd + aByd +alyd + fAyd = -1

afyéx = 1.

2 Properties of Generalized Pentanacci Numbers

In this section, we present Binet’s formulas, generating functions, and the summation formulas for
generalized Pentanacci numbers.

o0
First, we give the ordinary generating function . V,z" of the sequence V.
n=0
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Lemma 2.1. Suppose that fv, (x) = > Vaz™ is the ordinary generating function of the generalized

Pentanacci sequence {Vy, }n>0.Then fv, (z) is given by

:Vo—|—(V1—Vo)w-&-(Vz—Vl—V())J:Q—F(Vs—Vz—Vl—Vo)xs—i—(Vz;—Vs—Vz—Vl—Vo)w4

Jva ()

l—x—2%2—23—2%—2b
(2.1)

Proof. Using (1.1) and some calculation, we obtain

fva (@) — 2 fv, (z) — 2° fv, (z) — 2° fv, () — 2* fv, (2) — 2° fv;, (2)
= Vo+(Vi=Vo)o+ (Va—Vi—=Vo)a® + (Vs = Vo = Vi = Vo)a® + (Va — Vs — Vo — Vi — Vp)z*

which gives (2.1).

The previous Lemma gives the following results as particular examples: generating function of the
Pentanacci sequence P, is

oo n P
and generating function of the Pentanacci-Lucas sequence @, is
> n 5 — 4z — 322 — 22% — 2*
an(w)_;Qn‘r _17ZC7.’L'27.’L'37.’L'47.’L'5' (23)
We next find Binet formula of Pentanacci numbers by the use of generating function for P,.
Theorem 2.2. (Binet formula of Pentanacci numbers)
n+3 n+3
P, = e + b (2.4)
(@a=pB)a=N(a=a=A)  (B-a)B-=7(B-6(B-)
,yn+3 5n+3
+ +
=)y =By =8)(r =2 (=)0 =B)(6—=7)(—A)
)\n+3
+ .
A=A =B A =7 -9)
Proof. Let
h(z)=1—a—a° —2° —2* — 2.
Then for some «, 3,v,6 and A, we write
hi(z) = (1 —az)(l—Bx)(1 —~z)(1—dz)(1 — A\x)
ie.,
l—z—a>—2°—a" —2° = (1 - azx)(1 - Bz)(1 — yz)(1 — 6z)(1 — \x) (2.5)

Hence é, %, %, % ve % are the roots of h(x). This gives a, 8,7, and X as the roots of

This implies 2° — ! — 2% — 2% — z — 1 = 0. Now, by (2.2) and (2.5), it follows that

T

[ (x) = T;)ann T (1—az)(l - Bz)(1 —y2)(1 —6z)(1 — Az)
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Then we write

z __ A B C D B
(1-—oax)1—-Bz)(1—~yz)(1=d0z)(1—Iz) (Q—az) (1-P6z) (1—~z) (1-20bz) (1_()\;%)
So .

z = Al -Bz)1—vz)(1—-0dx)(1—Az)+ B(1l—azx)(1l —vyz)(1—dx)(1— Az)

+C(1 —ax)(1 - Bx)(1 —ox)(1 — Az) + D(1 — ax)(1 — fz)(1 —yz)(1 — Ax)
+E(1—az)(1 - pz)(1 —yz)(1 —dox).
. . . 043
If'wia consider x = é, weget = = A(1—£)(1-2)(1-2)(1—2). This gives A = T eEr ey v
Similarly, we obtain

_ B3 _ o
B = o 06N T o0t -0 06—
D _ 63 7E_ )\3

0= =P -MNE-2)" " A-a)A=BA=7(A-09)

Thus (2.6) can be written as

fe.(x)=A(1 —ax) '+ Bl —Bz) "+ C(1 —~z) ' + D1 —6x) ' + E(1 — xx)" "

This gives
an(x) — Azanwn+BZﬂ”nxn+CZ’ynmn+DZ nmn+EZAnxn
n=0 n=0 n=0 n=0 n=0
= ) (Aa" + BB" +Cy" + D§" + EX")a".
n=0

Using the values of A, B,C, D and E we get

fe@) = 2 P = g e e
N g o +° "
L 1RV IR Py oy e T oy
+ &+ A"z

C-a)G-BE-N6-N" TO—ar=BA-NNA-0)
Therefore, comparing coefficients on both sides of the above equality, we get (2.4).
Next, we give an identity related with generalized Pentanacci numbers and Pentanacci numbers.
Theorem 2.3. Forn >0 and m > 0, the following identity holds:

Vin+tn = Pm—4Vn+(Pm—4+Pm—5)Vn+1+(Pm—4+Pm—5+Pm—6)Vn+2+(Pm—4+Pm—5+Pm—6+Pm—7)Vn+3+Pm—(3Vn)+4
2.7

Proof. We prove the identity by induction on m. If m = 0 then

Vio=P_4Vi+(P-a+P_5)Voy1+(P-s+P_s5+P_6)Vago+(P-a+P-5+P_6+P-7)Vatrs+P_3Vnta
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which is true because P_3 =0, P4 =1, P_s = —1, P_g = 0, P_r = 0. Assume that the equaliy
holds for all m < k. For m = k + 1, we have
Viery4n = Vark +Vagk1 +Vage—2+ Va3 + Vagra
= (Pe—aVi+ (Pi—a+ Pe—s)Vag1 + (Pi—a + Po—s + Pi—6)Vato
+(Pr—a + Pr—5 + Po—6 + Pr—7)Vay3 + Po—3Vint4a)
+(Po—s5Vn + (Pe—s + Pr—6)Vnr1 + (Po—s + Pe—6 + Pe—7)Vni2
+(Pr—5 4+ Pr—6 + Po—7 + Pr—8)Vat3 + Poe—aVinta)
Pr_6Vin + (Pr—6 + Pro—7)Viy1 + (Pr—6 + Pr—7 + Pr—38)Vayo
%—6 + Pr—7 + Pr—g + Px—9)Vni3 + Pu—5Vn1a)
P 7Vi+ (Pr—7+ Pe8)Vay1 + (Pr—7+ Pe—g + Pr_9)Vinyi2
+(Pe—7+ Po—g+ P9+ Px—10)Vots + Pr—6Vnta)
+(Pe—sVn + (Pe—s + Pi—0)Viug1 + (Pe—s + Pr—o + Pi—10)Vat2
+(Pr—8 + Pr—9 + Po—10 + Pr—11) Vg3 + Pe—7Vnt4)
= (Po—3Vn+ (Pi—s + Pr—a)Vig1 + (Pi—3 + Po—a + Pr—5)Vay2
+(Pr—3 4+ Pr—a+ Po—s + Pr—6)Vat3 + Po—2Vinta)
= Put1)-aVa + (Prgr)—a + Prey1)—5)Vat1 + (Prt1)—4 + Prt1)—5 + Prt1)—6) Vat2
F+(Prs1)—4 + Petr1)—5 + Prer1y—6 + Per1)—7)Vats + Pregr1)—3Vata

By induction on m, this proves (2.7).

- -
<

+

(
(
(
(
(
(
(
(

Theorem 2.3 gives the following results as particular examples: For n > 0 and m > 0, we have
(taking V,, = Pp)
Ppgn = Pm—aPn+(Ppm—4+Pm—5)Prp1+(Pm—atPm—5+Pm—6)Prnt2t+(Pm—atPm_5+Pm_6+Pm—7)Pny3+Pm—_3Pnta
and (taking V,, = Qn)
Qm+4n = Pm—4Qn+(Pm—14+Pm_5)Qnt1+(Pm—a4+Pm_5+Pm_6)Qnt2+(Pm—a+Pm—5+Pm_6+Pm_7)Qnt3+Pm_—3Qn+4-
Next we present the Binet’s formula of the generalized Pentanacci sequence.
Lemma 2.4. The Binet’s formula of the generalized Pentanacci sequence {Vy,} is given as

Vn =Pp_aVo+ (Pn—a+ Pp_5)Vi+ (Pp_a+Ppn_5+Pn_6)Vot+ (Pn_a+Pn_5+Pn_6+Pn_7)Vs+ Pr_3Va.

Proof. Take n = 0 and then replace n with m in Theorem 2.3.

For another proof of the Lemma 2.4, see [3]. This Lemma is also a special case of a work on the
nth k-generalized Fibonacci number (which is also called k-step Fibonacci number) in [6, Theorem
2.2].

Corollary 2.5. The Binet’s formula of the generalized Pentanacci sequence {V,} is given as

Vo = A1an_8 =+ Agﬂn_g =+ A3’yn_8 + A45n_8 + A5An_8

where
A = é_m“w‘H%+”+%+WW‘HW+%+%M-H%+%m+w)
Ay = £ @w—H%+m+%+wwguw+%+%mAH%+%W+%)
As = J—m”m'u%+m+w+%M4%%+%+%M-H%+%M+%)
A= 62710(‘/“54 (Vo + Vi + Va + Vo) + (Vi + Vo + V8)8% + (Va + V)3 + Va),
A5 = 6?—10(‘/4)‘4 (Vo + Vi + Va4 Va)A® + (Vi 4 Va + Va)AZ + (Va + Va)A + Va).
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Proof. The proof follows from Lemma 2.4 and (1.4).

In fact, Corollary 2.5 is a special case of a result in [6, Remark 2.3].

The following Theorem present some summation formulas of generalized Pentanacci numbers.

Theorem 2.6. Forn > 1 we have the following summing formulas:

(a) (Sum of the generalized Pentanacci numbers)
S -
k=1

(®) >r_; Voggr = §(3Vzn+2 4+ 4Vont1 + Van + 2Vap—1 — Voo — 3Va +4V3 — Vo — 2V4 + V)
(€) Sr_i Vor = 2(—Vania +4Vang1 + 5Van 4 2Von—1 + 3Van_2 4+ Va — 4Vs + 3V2 — 2V — 31).

(Vrl+4 - Vn+2 - 2Vn+1 + Vn - ‘/4 + VQ + 2‘/1 - ‘/0)

|

Proof.
(a) Using the recurrence relation

Vo = Vn—l + Vn—2 + Vn—3 + Vn—4 + Vn—5

ie.
Vaes =V = Va1 = Vo = Vs — Vs
we obtain
Voo = Ve-Vu-Vs-12-V,
i = V-Ve-Va-V3-V3
Vo = Vi—-Ve—-V5-V4-V3
Vi = Ve-Vei=Vs—-V5-V}
Vi = Vo-Vs—-Vr—=Vs—-Vs
Voes = Vo=V =V o=V 3—V,_4
Vica = Vo =V —Voor — Voo — V3
Vacs = Vago = Vag1 =V = Voor = Vao
Vice = Vags —Vogo — Vo1 — Vi, = Vi
Vici = Vara —Vays —Vara = Va1 = Vi
Voo = Vags —Viaga —Vigs — Vigo — Vaga.

If we add the equations, we get

Vot Vi = (—w-w-vz—m+2vk>+<v3+vz+v1—2vk)
k=1 k=1

k=1
+ <V2 +W —Zw) + <V1 —ka) + (—Zw)
k=1 k=1 k=1
73Vn+1 - 2Vn+2 - Vn+3 + Vn+5
= —3Vip1 —2Vasz = Vags + Vaus + (Vi + 12 +2V1) =3 Vi

k=1

108



Soykan; ARJOM, 16(9): 102-121, 2020; Article no.ARJOM.59550

and then
4% Vi =Vass = Vars = 2Vaso = 3V — Va + Va + 2V1 — Vo
k=1

It follows that
n 1
> v = Z(Vn+5 — Vi3 —2Vipyo —3Vpy1 — Va+ Vo +2V1 — Vp)
k=1

1
= Z((Vn+4 + Vngs + Vago + Vag1 + Vo) = Vpgs — 2Vpp0 — 3V — Va + Vo +2V4 — V)

1
= Z(Vn+4 — Vg2 —2Vpq1 + Vi — Vi + Vo +2V; — Vp).

(b) When we use (3.1), we obtain the following equalities:

Vi = Vi1 +Ve2o+ Vs + Via + Vie—s
Vi = Vs+Va4+Vi4+Vo+V,
Vo = Ve+Va+Va+Va+Wi
Voo = Va+Ve+Vs+Va+Vs
Vio = Vo+Vs+Ve+Ve+ Vs
Von = Vono1+Vono+Von3+ Vona+ Van_s
Vontze = Vopg1 + Von + Vaop—1 + Van—2 + Vap_s.

If we rearrange the above equalities, we obtain

Vi = u-Vo-V1 =WV

Vi = V—-Vua—-Vz—-Va—-V1;

Vi = Ve—-Ve—-Vs-V4—-V3

Vo = Vip-Ve—-Ve—-Vs-1V5

Vii = Vig—=Vio—-Vo—-Vs - V7

Vis = Viu—-Via—-Vi1 —Vio— W

Vis = Vig—Via—Viz—Via—Vn1
Vo1 = Van —Vap—2 —Von—3—Von_a — Von_s
Vont1 = Vango — Van — Vano1 — Va2 — Vap_3.

Now, if we add the above equations, we get (as a I. Method)

n 2n—2
D Vakyr = Vo —Vo—Vat (-Vi—Vs—Vs—Vr— .. = V1) — <Z Vk> + Vanto
k=1 k=1
n 2n—2
= —Va-V-Va+t (VW—Vl —vam) - (Z Vk> + Vanio
k=1 k=1

and then, using (a), we obtain

= 1
D Varit = 5 (3Vanta +4Vansn + Van + 2Van 1 = Vanz = 3Va +4Vs — V2 — 2V + V).
k=1
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Note that, as an alternative method (II. Method), the following equality can be used:

Z Vo1 = <—V2 + Vonio + Z Vzk) + <— Z V2k) + <_Vl + Vong1 — Z V2k+1>
k=1 k=1 k=1

k=1
+ (—Vo +Von =y V2k> + <—V1 Vit Vono1 4 Vang1 — Vzkﬂ> :
k=1 k=1

(c) (c) follows from (a), (b) and the equality

n 2n+1 n
D Vak =Y Vi—=Y Va1 — Wi
k=1 k=1 k=1
This completes the proof.

All the listed identities in Theorem 2.6 may be proved by induction, but that method of proof gives
no clue about their discovery.

As special cases of the above Theorem, we have the following two Corollaries. First one present
some summing formulas of Pentanacci numbers.

Corollary 2.7. Forn > 1 we have the following formulas:

(a) (Sum of the Pentanacci numbers)
- 1
ZPIC:i(Pn+4_Pn+2_2Pn+1+Pn_l)
k=1

(®) >or i Pokyr = %(3P2n+2 +4Popi1 + Pop + 2Pon—1 — Po—o —7)
(c) i, P = é(*P2n+2 + 4Pont1 + 5Pan + 2Pon—1 + 3Pan—2 — 3).

Second Corollary gives some summing formulas of Pentanacci-Lucas numbers.

Corollary 2.8. For n > 1 we have the following formulas:

(a) (Sum of the Pentanacci-Lucas numbers)
= 1
Z Qk = Z(Qn+4 - Qn+2 - 2Qn+l + Qn - 15)
k=1

(b) >, Qary1 = %(3Q2n+2 +4Q2n+1 + Q2n + 2Q2n—1 — Q2n—2 — 17)

(c) 22:1 Q2 = é(—Q2n+2 +4Q2n+1 + 5Q2n + 2Q2n—1 + 3Q2n—2 — 21).

Sometimes, we need to start summing from zero, such as when dealing with Pentanacci quaternions,
sedenions, etc. We can state Theorem 2.6 in the following form.

Theorem 2.9. Forn > 0, we have the following formulas:

(@) Spo Vi = 2(Vasa — Vago — 2Vig1 + Vi, — Vi + Va + 2V4 + 3V0),

(®) >r o Vorg1 = %(3‘/2114»2 + 4Vang1 + Van + 2Vap—1 — Voo — 3Va +4V3 — Vo + 6V4 + Vp)

(c) > oVer = é(_%n+2 + 4AVopi1 + 5Von + 2Vop—1 + 3Van—2 + Vi — 4V3 + 3V2 — 2V1 4 51p).

As special cases of above Theorem, we have the following two Corollaries. First one present some
summation formulas of Pentanacci numbers.
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Corollary 2.10. For n > 0, we have the following formulas:

(a) ZZ:OP}C - %(Pn+47Pn+2 72Pn+1+Pn - 1)

(b) > o Pekt1 = §(3Pany2 + 4Pony1 + Pon +2P2n—1 — Pan_2 + 1)
() Yh_oPok = 2(—Pant2 +4Pony1 + 5Pan + 2Pan 1 + 3P2n_2 — 3).

Next Corollary gives some summation formulas of Pentanacci-Lucas numbers.

Corollary 2.11. For n > 0, we have the following formulas:

(a) ZZ:O Qk = i(Qn-‘rél - Qn+2 - 2Qn+1 + Qn + 5)
(b) i oQart1 = §(BQant2 +4Q2n11 + Q2n +2Q2n—1 — Q2n—2 — 9)
(€) Yh_oQar = £(—Q2nt2 +4Q2nt1 + 5Q2n + 2Q2n—1 + 3Q2n—2 + 19).

3 Gaussian Generalized Pentanacci Numbers

In this section, we introduce Gaussian generalized Pentanacci numbers and present Binet’s formulas,
generating functions, and the summation formulas for Gaussian generalized Pentanacci numbers.

First we recall Gaussian integers. A Gaussian integer z is a complex number whose real and
imaginary parts are both integers, i.e., z = a + ib, a,b € Z. The set of these numbers is denoted by
Zi). For more information about this kind of integers, see the work of Fraleigh [7].

If we use together sequences of integers defined recursively and Gaussian type integers, we obtain
new sequences of complex numbers such as Gaussian Fibonacci, Gaussian Lucas, Gaussian Pell,
Gaussian Pell-Lucas and Gaussian Jacobsthal numbers; Gaussian Padovan and Gaussian Pell-
Padovan numbers; Gaussian Tribonacci numbers.

In 1963, Horadam [8] introduced the concept of complex Fibonacci number called as the Gaussian
Fibonacci number. Pethe [9] defined the complex Tribonacci numbers at Gaussian integers, see also
[10]. There are several other studies dedicated to these sequences of Gaussian numbers such as the
works in [11], [12], [13], [14], [15], [16], [17], [18], [19], [20], [21], [22], [23], [24], among others.

We present some works on Gaussian Generalized Fibonacci Numbers in the following Table 3.

Table 3. A few special study of Gaussian Generalized Fibonacci numbers

Name of sequence Papers which deal with Gaussian Numbers
Gaussian Generalized Fibonacci [11,12,13,10,14,15,16,8,17,18,19,25]
Gaussian Generalized Tribonacci [20,22,23,24]

Gaussian Generalized Tetranacci [21]

Gaussian generalized Pentanacci numbers {GV, }n>0 = {GVa(GVo, GV, GVa, GV3,GVi) }i>o are
defined by

GVn == GVn—l + GVn—Z + GVn—3 + GVn—4 + GVn—57 (31)
with the initial conditions
GVo = co+(—co—c1—c2—c3+ca)i,GVi = c1 + coi, GVa = c2 + cii,
GVs = c3+ ca1, GVy=cq4+c3t

not all being zero. The sequences {GV,, }n>0 can be extended to negative subscripts by defining

GV_, = *GV,(nfl) — GV,(n,Q) — GV,(n,g) - GV,(n,4) + GV,(H,5>
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for n =1,2,3,.... Therefore, recurrence (3.1) hold for all integer n. Note that for n > 0
GV, =V, + iV (3-2)

and
Gv—n - V—n + iv—n—l

The first few generalized Gaussian Pentanacci numbers with positive subscript and negative subscript
are given in the following Table 4 and Table 5.

Table 4. A few Gaussian generalized Pentanacci numbers with positive subscript

0 Co+(—Co—C1—CQ—03+C4)i
1 c1 + cot

2 co + c1t

3 c3 + c2t

4 cq4 + c31
5
6
7
8
9

(co+c1+4c2+cs+ca)+ cai
(co+2c1 +2c2 +2¢3 +2¢4) + (co+ 1+ ca + 3+ ca)i
(2¢c0 + 3c1 + 4ea + 4es + 4ea) + (co + 2¢1 + 2¢2 + 2¢3 + 2¢4)i
(400 + 6¢1 + Teo + 8cs + 864) + (200 + 3c1 +4co + 4es + 4C4)’i
(8(:0 + 12¢1 + 14c¢o + 15¢3 + 1604) + (4(20 + 6¢1 + Tes + 8¢z + 804)i
10 (16co + 24c1 + 28c2 + 30c3 + 31ca) + (8co + 12¢1 + 14e2 + 15¢3 + 16¢4)i

Table 5. A few Gaussian generalized Pentanacci numbers with negative subscript

GV_,
co+ (—co—c1—ca—c3+ca)i
(—Co —c1 —c2 —c3+ 64) + (203 — C4)i
(203 — 04) + (202 — Cg)i
(262 — 63) =+ (261 — Cz)i
(201 — Cz) +4 (260 — C1)i
(200 — Cl) + (—300 — 2¢1 — 2¢2 — 2¢3 + 264)i
(—3co — 2¢1 — 2¢2 — 2¢3 + 2¢4) + (co + ¢1 + c2 + 5ez — 3ca)i
(co+c1 4+ c2 + 5ez — 3ca) + (4ea — 4es + ca)i
(402 —4e3 + 04) + (401 — 4co + Cg)’i
(461 — 462 —+ 63) + (460 — 461 + Cz)i
(400 —4der + 02) + (404 — 3¢y — 4co — 4e3 — 8Co)i

2 © 00Uk w R oS

We consider two special cases of GV, : GV,,(0,1,1 + 4,2 + 4,4 + 2i) = GP, is the sequence of
Gaussian Pentanacci numbers and GV, (5 — 4,1+ 53,3 +4, 7+ 37, 15 + 7i) = GQx is the sequence of
Gaussian Pentanacci-Lucas numbers. We formally define them as follows:

Gaussian Pentanacci numbers are defined by

GP,=GPy1+GPy 2+ GPr_3+ GPo_4 + GP,_s, (3.3)
with the initial conditions

GPy=0,GPr=1,GPo=144,GP3 =2+ 1,GPy =4+ 21
and Gaussian Pentanacci-Lucas numbers are defined by

GQn = GQn—l + GQTL—Q + GQn—d + GQn—4 + GQn—5 (34)
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with the initial conditions
GQO 25—i,GQ1 = 1+5i,GQ2 = 3+i,GQ3 = 7+3i,GQ4 =154 74.

Note that for n > 0
GPn = Mn + 7:]\471717 GQn = Rn + /L‘Rnfl
and
Gan == an + ianfl; Gan = an + /L.anfL

Next, we present the first few values of the Gaussian Pentanacci and Pentanacci-Lucas numbers
with positive and negative subscripts in the following Table 6.

Table 6. A few Gaussian Pentanacci and Pentanacci-Lucas Numbers

n 0 1 2 3 4 5 6 7 8 9
G Py 0 1 1+14 241 442 8 + 41 16 + 81 31 + 164 61 + 314 120 + 614
GP_, 0 0 0 i 11— -1 0 0 24 2—31
GQn 5—1 1+ 54 3+ 74 3i 15471 31 + 154 57 + 314 113 + 5714 223 + 1134 439 + 2234
GQ_,, 5—1 —1—1 —1—1 —1—1 —14 93 9—Ti —7—1 —1—1 —1—1 —1+4 197

The following Theorem presents the generating function fgv, (z) = > GVz" of Gaussian generalized
n=0

Pentanacci numbers GV,,.

Theorem 3.1. The generating function of Gaussian generalized Pentanacci numbers is given as

GVo + (GVi — GVo)x + (GVa — GV1 — GVp)a® + (GVs — GVa — GVi — GVo)x?
+(GVy — GV — GV — GV; — GVp)a*
l—x—a?2—a3—a*—2ab

fav,(z) =
(3.5)

Proof. Using (3.1) and some calculation, we obtain

fav, (@) — 2 fav, (x) — 2° fov, (x) — 2° fov, (x) — 2" fov, (z) — 2° fav, (z)
= GV + (GVi — GVo)z + (GVa — GVi — GVo)z® 4 (GVa — GVa — GVi — GVo)a®
+(GVy — GV3 — GVa — GVi — GVp)z”

which gives (3.5).

Theorem 3.1 gives the following results as particular examples: the generating function of Gaussian
Pentanacci numbers is

x + ix?
fGPn(w)_l*ZE*.’L'Qf.’L'Sf.’LA*.’L'S (36)
and the generating function of Gaussian Pentanacci-Lucas numbers is
5—i—(4—6i)z—(3+3i)z” — (2+2i)2° — (1 +4) 2’
foo (@) — (4= 60z — (3+3)a” — (2+2)a — (1+0)a* -

1—z—a2—23—z*—2b
We now present the Binet formula for the Gaussian generalized Pentanacci numbers.
Theorem 3.2. The Binet formula for the Gaussian generalized Pentanacci numbers is
GV = (A1a" "%+ A2B" % + Asy" % + Au6" % + AsA"P)
+i (A1a" ™ 4 A" 4 Agy" T + a8 + AsA"T0)
where A1, Az, As, As and As are as in Corollary 2.5.

Proof. The proof follows from Corollary 2.5 and GV,, = V,, +iV,,_1.
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Theorem 3.2 gives the following results as particular examples: the Binet formula for the Gaussian
Pentanacci numbers is

Oc"’+3 6n+3 'Y"+3
GPn = ( + +
@ Aa-N@-0@-—N  F-mF-NE-HE-N o -aE-He-HE-»
snt3 A\n+3
TS Y Yoy, S S Gy Yo wpy vp w0
) a’n.+2 /BTL+2 ,Y’n+2
R ) YO Yo P S P Y7 v B YO S SR vy Yoy gy
671.+2 A’n.+2
TP F e TP 17y S P Gy Yo upy vy w0
or
a—1 n—1 /8_1 n—1 ’Y_l n—1 0—1 n—1 A-1 n—1
ap, = (2= 5 A
(6(171006 te5-10° Teo-10) te-w’ tTeoio
. a—1 n—2 B_l n—2 7_1 n—2 0—-1 n—2 A—1 n—2
5 A
“(Ga—ma t55-10° To-10) tTe-w° Tea-io

and the Binet formula for the Gaussian Pentanacci-Lucas numbers is
GQn — (an +ﬂn +’Yn + 6n + An) +Z (an—l +Bn—1 +'Yn_1 +6n—1 +)\n—1) .

The following Theorem present some summation formulas of Gaussian generalized Pentanacci
numbers.

Theorem 3.3. Forn > 1 we have the following formulas:

(a) (Sum of the Gaussian generalized Pentanacci numbers)

i GVi =
k=1

(b) > GVoryr = %(3G‘/2n+2 +4GVant1 + GVan +2GVap—1 — GVap—2 — 3GVy +4G V3 — GV2 —
2GV1 4+ GVo)

(c) 22:1 GVa, = é(_GV2n+2 +4GVap4+1 + 5GVay +2GVop—1 + 3G Vap—2 + GV4 — 4G V3 + 3GV, —
2GVi — 3GVp).

(GVags — GVpg2 —2GViq1 + GV, — GVy + GVa + 2GVL — GV)

=~

Proof. (a), (b) and (c) can be proved exactly as in the proof of Theorem 2.6.

As special cases of the above Theorem, we have the following two Corollaries. First one present
summation formulas of Gaussian Pentanacci numbers.

Corollary 3.4. For n > 1 we have the following formulas:

(a) (Sum of the Gaussian Pentanacci numbers)

S GP = i(cpn+4 — GPois —2GPusr + GPr— 1 — i)
k=1

(b) Yu ) GPas1 = 5(3GPani2 +4GPony1 + GPon + 2GPap 1 — GPap_o — 7 — 3i)
(c) > ,GPay = %(—szn-m + 4G Pont1 + 5GPoy, + 2GPoy—1 + 3GPon—2 — 3 +19).

Second Corollary gives summation formulas of Gaussian Pentanacci-Lucas numbers.

Corollary 3.5. Forn > 1 we have the following formulas:
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(a) (Sum of the Gaussian Pentanacci-Lucas numbers)

_ 1
> GQx = (GQnia — GQni> = 2GQni1 + GQn — 15 + 50)

k=1

(®) >r_ 1 GQaky1 = %(3GQ2n+2 +4GQ2n+1 + GQ2n + 2GQ2n—-1 — GQan—2 — 17 — 213)
(C) 2221 GQQ’C = é(_GQ2n+2 + 4GQ2n+1 + 5GQ27L + 2GQ27L—1 + 3GQ2n—2 — 21— 974)

4 Basic Relations and Simson Formulas

In this section, we obtain some identities of Pentanacci numbers and Pentanacci-Lucas numbers
and some identities of Gaussian Pentanacci numbers and Gaussian Pentanacci-Lucas numbers.
Moreover, we present Simson formulas of these numbers.

First, we can give a few basic relations between {P,} and {Qx}.

Theorem 4.1. The following equalities are true:

Qn
Qn
Qn
Q2n+1

and

1198 P,
1198P,

= —Puys+TPai1 — 2P, — Pa_y,
= —Puys+6Pui1 — 3P, —2P,_1 — Po_,
= 3P4 —TPuys — 9P, — 8P,y — 4P, _,,
= 287Pn42 — 286P, 41 — 281P, — 264P,_1 — 213P,_s,

= 27Qn+3 + 18Qn+2 + 3Qn+1 - 22Qn + 136Qn—1,
= 45Qn43 — 15Qni1 — 40Qy + 118Qn—_1 — 18Qn_o.

—~ o~~~
L
S W N~
=z =

(4.5)
(4.6)

Proof. Note that the last six identities hold for all integers n. For example, to show (4.1), writing

Qn = a/Pn+3 + an+2 + CP7L+1 + dPn + €Pn71

and solving the system of equations

Qo = aP3+bP+cPi+dPy+eP_
Q1 = aPi+bP;+cP+dPi+ el
QQ = aPs+bPy+cP3+dPs + el
Qs = aPs+bPs+cPy+dPs+ePs
Qs = aPr+bPs+cPs+dPs+ePs

we find that a = —1,b =0,c = 7,d = —2,e = —1. The other equalities can be proved similarly.

We present a few basic relations between {GP,} and {GQn}.

Theorem 4.2. The following equalities are true:

GQn =
GQn =
GQn =

GQany1 =

and

1198G P,
1198G P,

~GPpuys+7GPuy1 — 2GP, — GP_1,
—GPui2+ 6GPoy1 — 3GP, — 2GPu_1 — GPy_s,
3GPuis — TGPnys — 9GP, — 8GPy_1 — AGPp_s,
287G P42 — 286G Poy1 — 281G P, — 264G P,_1 — 213G P, _o,

27GQH+3 + 18GQn+2 =+ SGQn+1 — ZQGQn =+ 136G62n717
45GQn+3 — 15GQn+1 — 40GQn +4 118GQH71 — 18GQn72.

e
© 0 ~
L

B~~~
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Proof. Note that the last six identities hold for all integers n. For example, to show (4.7), writing
GQn = aGPn+3 + bGPn+2 =+ CGPn+1 +dGP, +eGP,,_1

and solving the system of equations

GQo = aGPs+ bGP+ cGP; +dGPy + eGP_y
GQ1 = aGPy+bGP;+ cGP2 + dGP + eGPy
GQ2 = aGPs+ bGPy + cGPs+ dGP: + eGP
GQs = aGPs+ bGPs 4+ cGPy+ dGPs + eGPs
GQs = aGP;+bGPs+ cGPs +dGPy + eGPs

we find that « = —1,b = 0,¢ = 7,d = —2,e = —1. Or using the relations GP,, = P, + iP,_1,
GQn = Qn +1Qrn-1 and identity Q, = —Pny3 + 7Pnt+1 — 2P, — Py—1 (see Theorem 4.1) we obtain
the identity (4.7). In fact, note that

GQn = Qn + ianl
= (=Puy3 +7Puy1 — 2P, — Ppu_1) +i(—Poya + TPy —2P,_1 — Py_2)
=  —(Put3 +iPui2) + T(Pug1 +iPn) — 2(Pn +iPp_1) — (P14 iPn_2)
~GPpi3+7GPui1 — 2GP, — GP, 1.

The other equalities can be proved similarly.
We can also give a few basic relations between {GQ»} and {P,}.

GQn
GQn+4

We present an identity related with Gaussian generalized Pentanacci numbers and Pentanacci
numbers.

(5— i) Put1 — (4= 6i) Py — (34 31) Pact — (24 20) Pacz — (1 4+) Pacg,  (4.13)
(15 + 7i) Py1 + (16 + 8i) Py + (11 + 9i) Pt + (10 + 44) Pu_s + (7 + 3i) Pa(414)

Theorem 4.3. Forn >0 and m > 0, the following identity holds:

GVm+n = Pm74GVn + (Pm74 + P'me)GV'nA»l + (Pm74 + P'me + P’rn76)GVn+2 (415)
+(Pm74 + mes + P’m76 + Pm77)GVn+3 + P7n73GVn+4 (416)

Proof. The identity (4.15) can be proved by induction on m as in Theorem 2.3.

Theorem 4.3 gives the following results as particular examples: For n > 0 and m > 0, we have
(taking GV,, = GP,)

GPm+n - P'm—4GPn + (Pm—4 + Pm—5)GPn+1 + (Pm—4 + Prn_s + Pm—G)GPn+2
+(Pm74 + Pm75 + meﬁ + Pm77)GPn+3 + Pm73GPn+4

and (taking GV,, = GQ»)

GQmin = Pm—aGQn+ (Pm—14+ Pn—5)GQnt1+ (Pm—4+ Pm—s5+ Pmn—6)GQni2
+(Pm74 + Pm75 + meﬁ + Pm77)GQn+3 + Pm73GQn+4~

One of the oldest and best known identities for the Fibonacci sequence {F,} is

Fup1Fpy — Fi = (—1)"
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which was derived first by R. Simson in 1753 [26]. This can be written in the form

Fn+1 Fn
Fn anl

and called as Simson or Cassini formula (Identity). The following Theorem gives generalization of
this result to generalized Pentanacci numbers.

Theorem 4.4. (Simson’s formula of generalized Pentanacci numbers) For all integers n, we have

Vn+4 Vn+3 Vn+2 Vn+l Vn ‘/4 VS ‘/2 Vvl %
Vn+3 Vn+2 Vn+1 Vn Vn— 1 VS V2 Vl % V_ 1
Vate Vo Vo Vaci Vo |=] Vo W1 Vo Voi Voo (4.17)
Voarr Voo Vaor Vao Vios i Vo Vi Voo Vg
Va Vit Va2 Vs Via Vo Voo Voo Vo3 Vo4

Proof. (4.17) is given in Soykan [27].

Corollary 4.5. For all integers n, we have

(a) (Simson’s formula of Pentanacci numbers)

Pn+4 Pn+3 Pn+2 Pn+1 Pn
Pn+3 Pn+2 Pn+1 Pn P,
Pn+2 Pn+l Pn Pnfl Pn72 - 17
Pn+1 Pn Pn—l Pn—Q P, 3
Pn Pn—l Pn—2 Pn—3 Pn—4
(b) (Simpson’s formula of Pentanacci-Lucas numbers)
QTL+4 Qn+3 Qn+2 Qn+1 Qn
Qnt+3 Qni2 Qn+1 Qn  Qn-
Qni2 Qn+1 Qn  Qn-1 Qn-2 | = 9584.
Q’n+1 Qn anl Qn72 Qn73
Qn Qn—l Qn—Q Qn—3 Qn—4
Note that Simson’s formula of Gaussian Pentanacci numbers is
GPh+as GPhys GPhy2 GPoia GP,
GPn+3 GPn+2 GPn+1 Gpn GPn_l
GPny2 GPyiy1 GP, GPoo1 GPy2 | =1+14,
GPh+1 GP, GP,-1 GP,—2 GP,_3
GP, GP,-1 GP,—2 GP,—3 GP,_4
and Simson’s formula of Gaussian Pentanacci-Lucas numbers is
GQH+4 GQn+3 GQn+2 GQn+1 GQn
GQnis GQni2 GQuni1  GQn  GQna
GQn+2 GQn+1 GQn GQn_l GQn_z = 9584 + 95843.
GQn+l GQn Ganl GQn72 GQn73
GQn GQ'n—l GQn—Q GQn—S GQn—4
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5 Matrix Formulations of V,, and GV,

In this section, we present some matrix formulation of generalized Pentanacci numbers and Gaussian

generalized Pentanacci numbers.

We define the square matrix A of order 5 as:

SO O ==

o

O = O

o

= O O

0

= O O O

o O O

0

such that det A = 1. Induction proof may be used to establish

P+ P
Pno1+ P2
Pn—2 + Pn—3
P, 3+ P, 4
Pn—4 + Pn—5

(5.1)

(5.2)

Piyi Pi+ P+ P2+ Pus Po+Pi 1+ P2
Pn Pn—1+Pn—2+Pn—3+Pn—4 Pn—1+Pn—2+Pn—3
A"=| Poo1 Poo+Pos+Poa+Pos Poo+Po3+Pnoa
P, o> P,3+Pra+Pos+Pie Pis3z+Pia+Prs
Pn—S Pn—4+Pn—5+Pn—6+Pn—7 Pn—4+Pn—5+Pn—6
Matrix formulation of P, and @, can be given as
Poys 11 1 1 1\"/ P
Phys 1 0 0 0 O Ps
Ppyo = 01 0 0 O P
Pria 00 1 0 O P
P, 00 0 1 0 Py
and n
Qnta 11 1 1 1 Q4
Qn+3 1 0 0 00 Qs
Qn+2 = 01 0 0 O Q2
Qn+1 0 0 1 0 O Q1
Qn 0 0 0 1 0 Qo
Induction proofs may be used to establish the matrix formulations P, and Q.. Similarly, matrix
formulation of V,, can be given as
Vita 1111 1\"/ W
Vits 1 0 0 0 O Vs
Vo = 01 0 0 O Vo
Vi1 00 1 0 O i
Vi 0 0 0 1 0 Vo
Consider the matrices Np, Ep defined as follows:
4427 2447 143 1 0
24141 1414 1 0 0
Np = 1+ 1 0 0 0 ,
1 0 0 0 i
0 0 0 i 1—1
GPy+a GPhys GPpya GPoia GP,
GPny3 GPui2 GPyuia GP, GP,-1
Ep = GPu+2 GPhia GP, GP,-1 GP,_2
GPpi1 GP, GP,.1 GP,_2 GP,_3
GP, GP,-1 GP,—2 GP,_3 GP,_4

Next Theorem presents the relations between A", Np and Ep.
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Theorem 5.1. Forn > 4, we have

Proof. Using the relations

GPp, Pp +iPp_1,
GPpiq Ppia+iPpy3 = (442i) Ppgp1 +(4+2i) P+ (4+20) P11+ (3+2i) P2+ (2+14) Pp_3,
GPpy3 (24+1) Ppp1+(2+ 1) P+ (2+4) Pp1 +(2+1) Pr2+ (1+1%) Py_3,

we get A"Np = Ep.
Above Theorem can be proved by mathematical induction as well.

Consider the matrices Ng, Eg defined as follows:

A"Np = Ep.

15+7 T+ 3 341 1+5¢ 5—1
74 3 3+14 1452 5—1 —1—1
Ng = 341 14 57 5—1 —1—-7 —-1-—12
14 52 5—1 —-1—4¢ —-1—12 —1-—1
5—1 —1—-7 —-1—72 —-1—3¢ —-14+9%
GQnts GQniz GQuiz GQni1  GQn
GQn+3 GQTL+2 GQn+1 GQH Ganl
EQ = GQnJrQ GQnJrl GQn Ganl GQn72
GQny1 GQn  GQn-1 GQn-2 GQn-3
GQn GQun-1 GQn-2 GQn-3 GQn-4

The following Theorem presents the relations between A™, Ng and Eq.

Theorem 5.2. We have

Proof. The proof requires some lengthy calculation, so we omit it.

Theorem 5.2, also, can be proved by mathematical induction.

6 Conclusions

e In section 1, we present some background about generalized Pentanacci numbers.

e In section 2, we present Binet’s formulas, generating functions, and the summation formulas
for generalized Pentanacci numbers.

e In section 3, first we recall Gaussian integers and then we define Gaussian generalized
Pentanacci numbers and as special cases, we investigate Gaussian Pentanacci and Gaussian
Pentanacci-Lucas numbers, with their properties such as the generating functions, Binet’s
formulas and sums formulas of these Gaussian numbers.

e In section 4, we obtain some identities of Pentanacci numbers and Pentanacci-Lucas numbers
and some identities of Gaussian Pentanacci numbers and Gaussian Pentanacci-Lucas numbers.
Furthermore, we present Simson formulas of those numbers.

e In section 5, we give some matrix formulation of generalized Pentanacci numbers and Gaussian
generalized Pentanacci numbers.
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