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Abstract: The penetration of fuel spray as a result of the mixture of fuel droplet and entrained air usually
generate nonlinear models whose solutions are normally difficult to realize analytically. This present study
presents general approximate analytical solution to such problem by employing Differential transform
Method (DTM). At the level of two-phase flow, the spray droplets and the entrained air have the same flow
velocity. In order to fully understand the process, the parameters present in the governing equations are
carefully studied. The obtained solution employing DTM is verified with Numerical Runge-Kutta (RKF45)
and also compared with similar past works. Furthermore, the acquired results for different ambient densities
and injection velocities are depicted and discussed. The results illustrate that continuous increase in the
initial velocity and orifice diameter cause a corresponding increase in spray penetration while an antonymous
effect is noticed for an increased semi cone angle and density. This work will find vital applications in the
optimization of systems whose operation are influence by the aforementioned spray penetration processes.

Keywords: Differential transform method, entrained air, fuel spray penetration, Runge-Kutta method, two
phase flow.

1. Introduction

T he science of how fuel spray penetration affect physical and engineering systems has been an interesting
subject of interest. These systems whose operations are influenced by the aforementioned penetration

processes include combustion chambers, gas turbines, thrust engines, agricultural spray systems, vapor
diffusion and distribution processes and general gas turbulence operations. Adequate monitoring and
prediction of the flow dynamics associated with fuel spray penetration thus require great attention. As a
result, different studies have been flagged up from experimental, analytical and numerical point of views. This
include the tremendous work by Szchin et al., [1]. In their work, they presented a penetration model for fuel
spray and performed different parametric studies by basically focusing on the impact of density, pressure and
semi spray cone angle on spray penetration. They went further to perform an experiment for the validation of
some of their results. They concluded by establishing mathematical relations between the fuel spray term and
some vital parameters. In a different study, the penetration of liquid in diesel spray focusing on two fluid flow
model has been critically considered [2,3].

The systems were studied under steady condition with the impact of the injection droplet size cell
investigated. Loth et al., [4] applied numerical methods for motion of dispersed particles, droplets and bubbles
to properly investigate the dispersion and spray penetration phenomenon while Pozorski et al., [5] further did
a study by considering turbulent spray penetration fluid flow. It has also been established that structure
and break up properties of sprays are attributes that should be considered when performing analysis on
the dynamics of fuel sprays [6]. Due to the aforementioned effects, Ganji et al., [7] did an extension on the
modelling work of spray penetration by studying the impact of nonlinear turbulence model on the spray
performance in a two-phase flow. Ebrahimian et al., [8] presented an approximate analytical solution by
employing Variational iteration method (VIM) to examine the initial stage of fuel spray penetration. Bararnia
et al., [9] presented a solution of the Falkner-Skan wedge flow by HPM PadÃl’ method. Mebine et al., [10]
generated a unified model for fuel spray penetration, Ghosh et al., [11] did a study on induced air velocity
within droplet driven sprays and Jalilpour et al., [12] obtained an approximate analytical solution of analytical
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model for fuel spray penetration using Pade - homotopy perturbation method (HPM) by considering both
initial and two phase fluid. They also verified the Pade HPM with an efficient numerical scheme. In [13–16],
authors applied the Adomian decomposition method, DJ method and Variation of parameter method (VPM)
to study the thermal and environmental behaviour of oxidizing micro-dust that is susceptible to combustion.
Furthermore, Yinusa and Sobamowo [17] presented the analysis of dynamic behaviour of a tensioned Carbon
nanotube in thermal and pressurized environments. They employed integral transform to solve the governing
model and obtain the dynamic behaviour and stability criteria of the carbon nanotube. Hikmah et al., et al.
[18] did an elementary study on the impact of tea dust geometry and size on its explosion using some food
particles. Furthermore, the classical DTM, Multi-step DTM (MsDTM) as well as other approximate and total
analytical schemes have been widely employed to solve different governing equations as applied to different
research areas [19–24].

Motivated by the previous works, this work introduces a generalized analytical solution for generating
and monitoring two phase fuel spray dynamics using differential transform method (DTM). The method is
verified, compared and validated in order to ascertain the efficiency and appropriateness of the scheme.

2. Description of problem and governing the equation

Consider the spherical shaped fuel droplets with entrained air as shown in Figure 1. These two
components form air-fuel mixtures in proportions usually well specified. The study of the influence of air jet on
fuel spray generates strong nonlinear model that is difficult to solve generally using an analytical scheme for
a specified air jet velocity. Also, an augmentation in the nozzle distance causes the velocity of the fuel droplets
to be approximately equal to the velocity of the air entrained. This equality in velocity can be used to model
the dynamical process as a two phase flow involving the spray droplets and the air jet. In order to derive the
flow and penetration model for the process, the continuity and Navier stoke equations are employed as shown
below [12]:

Figure 1. Schematic of air and spherical fuel mixture

The continuity equation is:

(Continuity of air - fuel mixture) = (Continuity of entrained air) + (Continuity of fuel spray droplet)

(ρvA)m = (ρvA)a + (ρvA) f , (1)

which when simplifies becomes

ρdvi A0 + (1 + αd)ρmvm Ag = ρmvm Am. (2)

The momentum equation is:

ρdv2
i A0 = ρmv2

m Am (3)
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By incorporating the geometrical assumptions as described by Jalilpour et al., [12], the nonlinear
governing equation becomes

dζ

dτ
= −(k1 + k2ζ + k3ζ2)2 dζ

dτ
+ 2vi (4)

where k1 = 4(1− αd)ρ + 1, k2 = 4(1−αd)ρ tanΘ
D0

and k3 = 4(1−αd)ρ tan2 Θ
D2

0
.

Then the generalized model becomes

dζ

dτ
= −

(
(4(1− αd)ρ + 1) +

(
4(1− αd)ρ tan Θ

D0

)
ζ +

(
4(1− αd)ρ tan2 Θ

D2
0

)
ζ2
)n dζ

dτ
+ 2vi (5)

subject to the initial condition ζ(0) = 0.
Recall that the nonlinear governing equation as shown in Equation (4) may be expressed as

dζ

dτ
+

(
(4(1− αd)ρ + 1) +

(
4(1− αd)ρ tan Θ

D0

)
ζ +

(
4(1− αd)ρ tan2 Θ

D2
0

)
ζ2
)n dζ

dτ
− 2vi = 0 (6)

Since it is part of the aim of the present study to establish a generalized solution to the model, then the
index n should be well taken care of. This will be obtained following the procedures below. Let

f =

(
(4(1− αd)ρ + 1) +

(
4(1− αd)ρ tanΘ

D0

)
ζ +

(
4(1− αd)ρ tan2 Θ

D2
0

)
ζ2
)n

Equation (6) becomes;

dζ

dτ
+ f

dζ

dτ
− 2vi = 0 (7)

We need to generate a differential equation for the function f in Equation (7). This is achieved by
employing the chain rule as shown below:

d f
dτ

=
d f
dτ

dζ

dτ

Performing the differentiation, we get

d f
dτ = n

(
(4(1− αd)ρ + 1) +

(
4(1−αd)ρ tan Θ

D0

)
ζ +

(
4(1−αd)ρ tan2 Θ

D2
0

)
ζ2
)n−1

×
((

4(1−αd)ρ tan Θ
D0

)
+ 2
(

4(1−αd)ρ tan2 Θ
D2

0

)
ζ

)
dζ
dτ

simplifying the resulting equation, we get

d f
dτ = n

(
(4(1−αd)ρ+1)+

(
4(1−αd)ρ tan Θ

D0

)
ζ+

(
4(1−αd)ρ tan2 Θ

D2
0

)
ζ2

)n

(
(4(1−αd)ρ+1)+

(
4(1−αd)ρ tan Θ

D0

)
ζ+

(
4(1−αd)ρ tan2 Θ

D2
0

)
ζ2

) ×(( 4(1−αd)ρ tan Θ
D0

)
+ 2
(

4(1−αd)ρ tan2 Θ
D2

0

)
ζ

)
dζ
dτ

The two coupled differential equations shown will then be solved simultaneously in order to obtain an
analytical solution for ζ(τ) considering any value of the exponent n.(
(4(1− αd)ρ + 1) +

(
4(1−αd)ρ tan Θ

D0

)
ζ +

(
4(1−αd)ρ tan2 Θ

D2
0

)
ζ2
)

d f
dτ − n×

((
4(1−αd)ρ tan Θ

D0

)
+ 2
(

4(1−αd)ρ tan2 Θ
D2

0

)
ζ

)
f dζ

dτ = 0

dζ

dτ
+ f

dζ

dτ
− 2vi = 0 (8)
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3. Methods of solution

As a result of the presence of the nonlinear terms in Equation (5), obtaining an exact solution becomes
uneasy. The usual practice is to employ numerical schemes. However, recently, several semi- or approximate
analytical methods have been developed to handle nonlinear equations exactly. In this study, the developed
nonlinear model in Equation (5) is be solved analytically using Differential transform Method (DTM)

3.1. Basic principle: differential transform method (DTM)

The basic concept and the procedure of DTM for solving differential equations are outlined in previous
works [22]. However, the DTM recursive relation for transforming models into another domain in an algebraic
form is presented below:

Table 1. DTM recursive relations

1. Z(t) = U(t)±V(t), Z(k) = U(k)±V(k)
2. Z(t) =∝ U(t), Z(k) =∝ U(k)

3. Z(t) =
dU(t)

dt
, Z(k) = (k + 1)U[k + 1]

4. Z(t) =
d2U(t)

dt2 , Z(t) = (k + 1)(k + 2)U[k + 2]

5. Z(t) =
dmU(t)

dtm , Z(k) = (k + 1)(k + 2) . . . (k + m)U[k + m], or
(k + m)!

k!
U[k + m]

6. Z(t) = U(t) ∗V(t), Z(k) = ∑K
L=0 V[l]U[K− l]

7. Z(t) = tm, Z(k) = δ(k−m) = τij =

{
1, i f k = m,
0, i f k 6= m,

The Table 1 above shows the recursive relations for different operators. These relations help map a given
function into another domain in an algebraic form. The solution will then be obtain by inverting the obtain
series solution.

4. Method of solution: differential transform method (DTM)

Recall the coupled ODE which is to be transformed using the Table 1 above;

(
(4(1− αd)ρ + 1) +

(
4(1− αd)ρ tan Θ

D0

)
ζ +

(
4(1− αd)ρ tan2 Θ

D2
0

)
ζ2
)

d f
dτ
− n

×
((

4(1− αd)ρ tan Θ
D0

)
+ 2
(

4(1− αd)ρ tan2 Θ
D2

0

)
ζ

)
f

dζ

dτ
= 0 (9)

dζ

dτ
+ f

dζ

dτ
− 2vi = 0 (10)

with initial conditions ζ[0] = 0, F[0] = a.
Applying the principle of DTM transformation, the recursive relations for Equation (9) and Equation (10)

are:

(k + 1)ζl+1 +
k

∑
l=0

(l + 1)ζl+1Fk−l − 2viδ[k] = 0 (11)

k1(k + 1)Fk+1 + k2 ∑k
l=0(l + 1)Fl+1ζk−l + k2 ∑k

m=0

(
∑m

l=0(l + 1)Fl+1ζm−lζk−m

)
− n

(
k2 ∑k

l=0(l + 1)ζl+1Fk−l

+ 2k3 ∑k
m=0

(
∑m

l=0(l + 1)ζl+1ζm−l Fk−m

))
= 0

After iterating with the highest counter, the term by term DTM solution becomes;
ζ[0] = 0,
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ζ[1] = 2
vi

a + 1
,

ζ[2] = vi

[
−8nρ tan(Θ)viaαd+4D0a2ραd+8nρ tan(Θ)via−4D0a2ρ+8D0aραd−D0a2−8D0aρ+4D0ραd−2D0a−4D0ρ−D0

]
(a+1)3D0(4ραd−4ρ−1) ,

ζ[3] = 2
3

vi
(a+1)5D2

0(4ραd−4ρ−1)2

[
−48D0 tan(Θ)a3nρ2vi + 16(tan(Θ))2a2nρv2

i αd + 16D2
0ρ2α2

d −

32D2
0ρ2αd − 8D2

0ραd + 64(tan(Θ))2anρ2v2
i αd − 12D0 tan(Θ)a3nρvi + 8D2

0a4ρ + 64D2
0a3ρ2 +

16D2
0a4ρ2 + 16(tan(Θ))2anρv2

i αd − 96D0 tan(Θ)a2nρ2vi − 48D0 tan(Θ)anρ2vi − 24D0 tan(Θ)a2nρvi −
32(tan(Θ))2anρ2v2

i − 32(tan(Θ))2a2nρ2v2
i − 32(tan(Θ))2an2ρ2v2

i − 16(tan(Θ))2a2nρv2
i − 16(tan(Θ))2anρv2

i +

64(tan(Θ))2a2n2ρ2v2
i − 128D2

0aρ2αd − 32D2
0aραd − 64(tan(Θ))2an2ρ2v2

i αd − 32D2
0a3ραd − 192D2

0a2ρ2αd +

64D2
0aρ2α2

d − 48D2
0a2ραd + 16D2

0a4ρ2α2
d − 32D2

0a4ρ2αd + 64D2
0a3ρ2α2

d − 8D2
0a4ραd − 128D2

0a3ρ2αd +

96D2
0a2ρ2α2

d − 12D0 tan(Θ)anρvi + 96D2
0a2ρ232D2

0a3ρ2 + 32D2
0aρ + 64D2

0aρ2 + 48D2
0a2ρ −

32(tan(Θ))2anρ2v2
i α2

d + 64(tan(Θ))2a2nρ2v2
i αd + 32(tan(Θ))2a2nρ2v2

i α2
d − 32(tan(Θ))2an2ρ2v2

i α2
d +

64(tan(Θ))2a2n2ρ2v2
i α2

d − 128(tan(Θ))2a2n2ρ2v2
i αd + 4D2

0a + 8D2
0ρ + D2

0a4 + 4D2
0a3 + 6D2

0a2 + 16D2
0ρ2 +

D2
0 + D2

0 + 12D0 tan(Θ)anρviαd + 96D0 tan(Θ)anρ2viαd + 24D0 tan(Θ)a2nρviαd − 48D0 tan(Θ)anρ2viα
2
d +

192D0 tan(Θ)a2nρ2viαd + 12D0 tan(Θ)a3nρviαd − 96D0 tan(Θ)a2nρ2viα
2
d + 96D0 tan(Θ)a3nρ2viαd −

48D0 tan(Θ)a3nρ2viα
2
d

]
.

Applying the principle of DTM inversion to the obtained term by term solution,

ζ(τ) =
N

∑
j=0

ζ[j]τ j (12)

ζ(τ) = ζ[0] + ζ[1]τ + ζ[2]τ2 + ζ[3]τ3 + . . . . (13)

Making necessary substitutions, the desired approximate analytical solution for the spray penetration
history becomes:

ζ(τ) =

[
2 viτ

a+1 + vi

[
−8nρ tan(Θ)viaαd+4D0a2ραd+8nρ tan(Θ)via−4D0a2ρ+8D0aραd−D0a2−8D0aρ+4D0ραd−2D0a−4D0ρ−D0

]
(a+1)3D0(4ραd−4ρ−1)

τ2 + 2
3

viτ
3

(a+1)5D2
0(4ραd−4ρ−1)2

[
− 48D0 tan(Θ)a3nρ2vi + 16(tan(Θ))2a2nρv2

i αd + 16D2
0ρ2α2

d− 32D2
0ρ2αd− 8D2

0ραd +

64(tan(Θ))2anρ2v2
i αd − 12D0 tan(Θ)a3nρvi + 8D2

0a4ρ + 64D2
0a3ρ2 + 16D2

0a4ρ2 + 16(tan(Θ))2anρv2
i αd −

96D0 tan(Θ)a2nρ2vi − 48D0 tan(Θ)anρ2vi − 24D0 tan(Θ)a2nρvi − 32(tan(Θ))2anρ2v2
i − 32(tan(Θ))2a2nρ2v2

i −
32(tan(Θ))2an2ρ2v2

i − 16(tan(Θ))2a2nρv2
i − 16(tan(Θ))2anρv2

i + 64(tan(Θ))2a2n2ρ2v2
i − 128D2

0aρ2αd −
32D2

0aραd − 64(tan(Θ))2an2ρ2v2
i αd − 32D2

0a3ραd − 192D2
0a2ρ2αd + 64D2

0aρ2α2
d − 48D2

0a2ραd + 16D2
0a4ρ2α2

d −
32D2

0a4ρ2αd + 64D2
0a3ρ2α2

d − 8D2
0a4ραd − 128D2

0a3ρ2αd + 96D2
0a2ρ2α2

d − 12D0 tan(Θ)anρvi + 96D2
0a2ρ2 +

32D2
0a3ρ2 + 32D2

0aρ + 64D2
0aρ2 + 48D2

0a2ρ − 32(tan(Θ))2anρ2v2
i α2

d + 64(tan(Θ))2a2nρ2v2
i αd +

32(tan(Θ))2a2nρ2v2
i α2

d − 32(tan(Θ))2an2ρ2v2
i α2

d + 64(tan(Θ))2a2n2ρ2v2
i α2

d − 128(tan(Θ))2a2n2ρ2v2
i αd +

4D2
0a + 8D2

0ρ + D2
0a4 + 4D2

0a3 + 6D2
0a2 + 16D2

0ρ2 + D2
0 + D2

0 + 12D0 tan(Θ)anρviαd + 96D0 tan(Θ)anρ2viαd +

24D0 tan(Θ)a2nρviαd − 48D0 tan(Θ)anρ2viα
2
d + 192D0 tan(Θ)a2nρ2viαd + 12D0 tan(Θ)a3nρviαd −

96D0 tan(Θ)a2nρ2viα
2
d + 96D0 tan(Θ)a3nρ2viαd − 48D0 tan(Θ)a3nρ2viα

2
d

]]
.

5. Results and Discussion

5.1. Verification

The verification of the analytical method employed in the present study is shown in Figure 2 with the
numerical values displayed in Table 2. The graph and table confirm the efficiency of the DTM used as excellent
agreements are noticed.
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Figure 2. Verification of DTM with Numerical

5.2. Effect of Droplet initial velocity on spray penetration

Figure 3 depicts the influence of droplet initial velocity on spray penetration for the two phase fluid flow
considered. An increase in the initial velocity increases the spray penetration as a result of the increase in the
diffusion capability of the air-fuel mixture. This initial spray velocity is important and can be used to monitor
the penetration history of the spray when in used.

Figure 3. Effect of droplet initial velocity
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5.3. Effect of droplet volume fraction on spray penetration

Figure 4 and Figure 5 show the influence of droplet volume fraction on spray penetration. The impact
illustrates negligible effect of the volume fraction term on the spray penetration for small values and close
values. However, for increased and large space values, noticeable influences begin to spring up. This constant
parameter has a proportional relationship with spray penetration.

Figure 4. Effect of droplet volume fraction

Figure 5. Effect of droplet volume fraction
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5.4. Effect of half cone angle and density on spray penetration

Figure 6 and Figure 7 describe the impact of half cone angle and density on spray penetration. When these
parameters are augmented, the penetration capability of the two phase spray increases. These parameters can
be used to control processed where high spray penetration is necessary in two phase fluid flow involving fuel
droplet and entrained air

Figure 6. Effect of half liquid spray cone angle

Figure 7. Effect of density
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5.5. Effect of orifice diameter on spray penetration

Figure 8 explains the influence of orifice diameter on spray penetration. An increase in the orifice diameter
causes the spray penetration to increase. This is due to the easy admittance of the spray with minimal
restriction. However, when larger diameters are required with specified penetration values, the initial injection
velocities may be controlled with the orifice diameter since the continuity equation must always be satisfied
for the two phase fluid flow spray penetration process

Figure 8. Effect of orifice diameter

5.6. Dynamic impact of half cone angle and density on spray penetration

Figure 9 and Figure 10 display the dynamics of spray penetration considering the half cone angle and the
droplet initial velocity. The dynamic plot can be used to monitor more than a variable at a time.

Figure 9. Dynamic impact of half cone angle
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Table 2. Comparism and Validation of the analytical scheme

τ (τ)

RKF45 Sazhin et al. [1]
(Experiment)

Jalipour et al. [12]
(HPM)

Present study
(DTM

0.0 0.0000000000 0.0000000000 0.0000000000 0.0000000000
0.1 13.4494000600 13.4494000621 13.4494000611 13.4494000600
0.2 19.0203239700 19.0203239700 19.0203239700 19.0203239700
0.3 23.2950442300 23.2950442303 23.2950442301 23.2950442300
0.4 26.8988001100 26.8988001100 26.8988001100 26.8988001100
0.5 30.0737728000 30.0737728055 30.0737728042 30.0737728000
0.6 32.9441674900 32.9441674900 32.9441674900 32.9441674900
0.7 35.5837678400 35.5837678400 35.5837678400 35.5837678400
0.8 38.0406479300 38.0406479300 38.0406479300 38.0406479300
0.9 40.3482001800 40.3482001811 40.3482001801 40.3482001800
1.0 42.5307373500 42.5307373500 42.5307373500 42.5307373500
1.1 44.6066136500 44.6066136500 44.6066136500 44.6066136500
1.2 46.5900884700 46.5900884700 46.5900884700 46.5900884700
1.3 48.4925015400 48.4925015403 48.4925015402 48.4925015400
1.4 50.3230470900 50.3230470900 50.3230470900 50.3230470900
1.5 52.0893024300 52.0893024300 52.0893024300 52.0893024300
1.6 53.7976002300 53.7976002301 53.7976002302 53.7976002300
1.7 55.4532970300 55.4532970300 55.4532970300 55.4532970300
1.8 57.0609718900 57.0609718900 57.0609718900 57.0609718900
1.9 58.6245757000 58.6245757005 58.6245757007 58.6245757000
2.0 60.1475455600 60.1475455600 60.1475455600 60.1475455600

Figure 10. Dynamic impact of droplet initial velocity
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Figure 11. Validation and Comparison of result

6. Conclusion

In this work, analysis has been performed on the generalized dynamics of two phase fuel spray
penetration using differential transform method. The results of the DTM solution were verified, compared
and validated. It was confirmed that DTM is an efficient method for the problem studied. Also, the parametric
studies performed helps with the understanding of how the two phase spray penetration process can be
properly monitored and controlled. The results show that an increase in the initial velocity and orifice diameter
causes a corresponding increase in spray penetration while an antonymous effect is noticed for an increased
semi cone angle and density. This work will find vital applications in the optimization of systems whose
operation are influence by the aforementioned spray penetration process.
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