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ABSTRACT

As is known, the formation and development of the mathematical methods are largely related with
the successful application of these methods to solve problems of the natural sciences. Recently the
area of application of the mathematical methods is greatly expanded. It is difficult to find an area
where it is not used in solving different problems. As is known, is appeared the necessity to solve
the differential, integral and integro-differential equations in solving of scientific problems. Note that
one of the basic questions in the modern computational mathematics consists of construction of the
numerical methods with the high accuracy. Therefore, here, is proposed the multi-step method with
higher accuracy than the known. And is constructed the stable methods with the expanded area of

stability for solving the above mentioned equations.

Keywords: Initial-value problem for ODE; Volterra integral equation; multistep multiderivative methods
(MMM); hybrid methods; initial-value problem for integro-differential equations.
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1. INTRODUCTION

As is known, there are some arsenals of
methods which can apply for solving of the
differential, integral and integro-differential
equations. Among these methods, there are
methods which apply both to solving of integral
and the integro-differential equations. Here, also
proposed one multi-step method with high
accuracy, which is applied to solving the ordinary
differential equations, integral and integro-
differential equations of Volterra type.

If we take into account the chronology of
investigations of these equations, we find that the
most common and earliest investigated are the
ordinary differential equations, which in its
general form we can write as follows:

y'=f(xy), xO[x, X]. )

One of the most common problems for the
equation (1) is the initial value problem.
Therefore, consider finding of such solution of
equation (1) which satisfies the condition:

V(%) = Yo - 2

Many papers dedicated to investigation of the
problem (1)-(2) (e.g. [1-27]).

We assume that the problem (1) - (2) has a
unique solution y(x), which was defined on the

interval [xo,x]. The segment [xo,x] divided into

N equal parts by using constant step sizeh >0
and the mesh points are denoted through
X; =Xo +ih(i =0L...N) for finding the
numerical solution of the problem (1) and (2).

The approximate values of the solution of the
problems (1) and (2) are denoted by

y.(i =0L...,N) atthe points X, (i = 01...,N),
and the exact values are denoted through
y(x)( =01...,N). The first paragraph is
dedicated no investigation of the problem (1) -

(2). We investigated the following Volterra
integral equation in the second paragraph:

y(x)=f(xx)+ TK (x,s,y(8))ds, xgss<sx<X. ®)

Note that the equation (3) is a Volterra integral
equation of the second kind. Series of papers
are dedicated to investigation of them (e.g. [28-
44]). In the linear case, equation (3) was
fundamentally investigated by Vito Volterra (e.qg.
[21],[22])- Significant part of these papers is
dedicated to finding the numerical solution of the
equation (3). Here, we propose some
modification of the quadrature method (e.g.
[25]-[30]). Usually we suggest that the

investigated equation has a unique solution in
the considered closed field for the study of the
approximate solutions of some equations. Our
work is no exception. Therefore, we assume that
the equation (3) has a unique solution, defined
on the interval[x,, X]. In order to find the
numerical solution of the equation (3), the
segment [XO,X] divided into N equal parts by
using constant step size h>0 and the
mesh points is defined as the
X, =% +th(i=01..,N-1) and is denoted
approximate value of the solution of equation (3)
at the point X (0<i<N) by y,(0<i<N),
and the exact value of the solution of equation
(38) at the point x(O<i<N) by

y(x)(0<i<N).

If we apply the method of quadrature to find of
the solution of the equation (3), then we have:

Y = £, +hYaPK (%, %, y,), Y(%) = F ), (i = 12,..,N). @

j=0

As follows from here, the volume of computational work increases with increasing values of the
variablel. Here, we offer the method that relieved of the specified disadvantage and has a higher

accuracy than the known.
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The third paragraph dedicated to investigation of the numerical solution of the initial value problem for
integro-differential equation of Volterra type. To this end consider finding a numerical solution of the

following problem.

y=F(xy) +AIK(x,s, Y(9)ds, Y(X,) = Yy, X, S S X< X. )
X0

Obviously, the differential problem (5) in the most
general form we can represent as follows:

y'= F(X, Y, V(X)) Y(%) = Yo, xO[%,, X]. (6)

where
V(X) = IK(X, S, y(s))ds.
%o

Assuming, that a unique solution of problem (5)
exists, we construct a method for finding its
numerical solution.

There are a number of
the solution of the

[28][29][31] [33] [45] - [60])-

papers devoted
problem (5) (e.g.

As mentioned above, the purpose of our
research is the using of finite difference method
to solve the problem (1) - (2) and (5), and apply it
to solving of the equation (3). However, we face
with the solving of integro-differential equations
in investigation of many important objects of
natural science, such as nuclear energy, the

study of diseases of the season, including
influenza, research of memory of land,
sustainability —of biological systems and

ecosystems, populations of some organisms, etc.
Here, we constructed methods for the solving the
problems (5) that have higher accuracy and allow
us to use simple algorithms for its solving.

2. MATERIALS AND METHODS

2.10n a Way for Construction of the
Numerical Methods  with  High
Accuracy for Solving of the Problem

1) -@

As mentioned above, there is a wide arsenal of
the numerical methods for solving initial value
problem for the ODE. To compare them,
scientists have proposed various criteria
including the stability, the order, the degree, the
stability region and others.

Usually these methods we divide into two
classes: one step and multistep methods. Known
representatives of them are the Runge-Kutta and
Adams methods. Recently, we have constructed
method at junction of one-step and multi-step
methods, as a result of which are appeared the
two-step Runge-Kutta methods, hybrid methods,
etc. Adams method was generalized in the follow
form in the middle of the XX century:

> 6, Yo =Y B, fy (1= 02 N — k) D

where the coefficients a,,B, (i = 01,...,K) are

some real numbers, and Q, # 0, but
fn = F(Xy,Yy) (M20). The method (7)is
called a multistepor K- step  method  with

constant coefficients in the scientific
literature. Note that the concepts of stability for
the method of (7) were determined in two forms:
language € andd (e.g.[2]]). The criterion
was proposed for stability ofthe method (7),
which defined by its roots of the characteristic
polynomials (7) in the paper[22]. In the future,
this criterion was used to determine the stability
of the method (7) (e.g. [23]-[24]). It is necessary
to determine the maximum values of the
accuracy of stable methods such as (7) in the
study of many applied problems, which has
found its solution in the famous work of Dahlkvist
(e. g [25-[26]). Such questions were

investigated for k<10and B, =0 in[24].

Method (7) is researched when 3, =0 for any k
in the paper[27] . Dahlkvist take into account that

the value K is the order of the difference
equation (7). Therefore, for determine order of
the accuracy of the method (7) is used term
degree. In the paper[27], we proved that the

connection between the order K and the degree
P of the stable methods of type (7), can write as:

ps2[k/2]+ 2 (8)
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but there are stable methods with the degree
p< 2[k/2]+ 2 for any K. Sometimes inequality
(8) is called the first barrier of Dalkvist. The
researchers used different schemes to construct
a more accurate method as the Richardson
extrapolation, the Hamming method, linear
combination of some multi-step methods, etc.
The maximum value of increasing degree of
these methods is found by using of some
schemes in the work [16]. However, some
authors have used of higher derivatives of
function for constructing more accurate methods

k 3 A~
20 Yo =Y BV i *Bi Y e, ) (Vi< L0 =04, K).
=0 i=0

f(x,y), which can be written in the most
general form as:

zkaiymi =ihjzkﬁ“)yﬁi)i' ©)
i=0 i=o =0

This method was investigated for m=2 by
many authors (e.g. [5]-[8]). But method for the

value m = 3 was investigated in the paper [8]
Here, is proposed to use hybrid methods for

solving the problem (1) - (2), which in one variant
can be written as:

(10)

The values of these coefficients and values of Vv, (i = 012,...,k) can be found by using some
bounds on the coefficients of the method (10) and by solving the next nonlinear system of algebraic

equations:
k k . k k
Zai =0, Z'Gi :ZBi +Zyi'
i=0 i=0 i=0

i=0 i=

. s p-1
K jP kP

Z_ai :Z B +;Zk(;

i P! i— (p-1)! !

p-1
I i

(p-1)!

here |, =i+v, (i= 012,..Kk).

Yi-

11)

On the first let us consider any bounds for the coefficients of the method (10).

A: The coefficients o ,3;,V,,V; (i = 012,...,k) are some real numbers, moreovera, # 0.

B: Characteristic polynomials

k .
p(A) = Ek C(i)\i v d(N\) = zk Bi)\i;y()\)g § yi)\lﬂ)i .
= i=0 i=0

have no common multipliers different roots from the constant.

Csay+ya = oandp=l.

We can prove that there exist stable methods with the degree p < 3k + 2in the methods of type (10).

Let us consider special cases and setk = 2 for illustration the existents of the hybrid methods with

the degree p =10. Therefore, we have from (11):
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:80+:81+:82+:éo+/}1+/}2 =2a, +a,,
Bt 2B, oy +1ifs +12B, = 5 (P2, vy,

B+ 2B, 4125 2B 2B, = = (e, ),
3
B+ 2B, +|3,Bo +|13,31 +|§,é2 = E(243-2 +ay), (12)
4
B+2°B, "'lg,éo "'lf,él"'lgléz =l(2532 +ay),
5
B+ 2° B +|g,éo +|15,31 +|§,32 -1 (2%, +ay),
6
B+2°B; +|g,5’o +|16ﬁ1+|g,é2 =}(27az +3y),
7
B2 B+ I B I, = (P +a),
8
B+ 2B 4135 IR +3B, = - (P, +ay).
9

Obviously, one can construct different methods which having the different properties by using the
solution of the system (12). But, here we will investigate convergence of these methods. Therefore,

we consider construction of the stable methods of type (10) and put kK = 2,8, = -1, a, =0, a,=1.
Then we obtain some methods by solving of the system (12) and one of which is following:
yn+2 = yn + h(64fn+2 + 98fn+l +18fn)/180+

13
+hQ@8f,, +98f,, +64f. )/180 (13)

n+ly

here |, =1++/21/14,1, =1,1, =1-+2114.

Method (13) is stable and has the degree p =8. The values Y, , Y,,, and also the value of variable
Y1 Should be known for application of the method (13) to solving of some problems. Let us change
h byh/2. Then the quantity Y,,,is replaced by the y,,;, and from the formula (13), the next one

step method is follows:

Yo = Y, +h(64f ,, +98f | +18f )/360+
" : (14)
+ h@8f,,, ,, +98f.,, +64f., ,,)/360

Scheme (14) is a hybrid method with the degree p = 8. Remark that notion of the degree is defined
for the method (2) as follows:

Definition 1. For a sufficiently smooth function y(x) the method (10) has the degree p >0, if the
following is held:

.Zk:GiY(X+ ih) - hzk: (Biy'(x+ih) +y,y'(x+ (i +v;)h) =O(h*™), h - 0O,

here X =X, + nh is a fixed point, the variable p is integer.
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Remark that stability of the method (10) is defined by the following way:

Definition 2. Method (10) is stable if all the roots of the polynomial

PA) = o AT 0 AT

~toaA+a,

lie inside the unit circle on the boundary of which does not have multiple roots.

Now consider the application of the next hybrid method of type (10)

Yo = Yo +H(f

n+ly
to solving following example:

y' = cos X,

+ foan )/ 2 (I, =1/2+4316; 1,

=1/2-/3/6)

y(0) = 0, x0[04] Exactsolution: y(x) =sinx.

The Simpson’s method and the following method may be used for the calculation of the values Yn +1;

You = Yo + NV +4Y 000+ 00) /6 ()

The results of calculations accommodated in Table 1.

Table 1. Comparison of errors for stepsize h=0.1

Step size Variable X Error for the Simpson’s method Error for the method (*)

h=01 0.2 011E -06 069E -08
0.3 01CE -06 01CE -07
0.4 021 -06 01%E -07
05 02IE -06 0l1ee -07
0.6 031 -06 019% -07
0.7 03CE -06 022E -07
0.8 03% -06 024 -07
0.9 03& -06 027 -07
1.0 046 -06 02% -07

Scientists have suggested using the hybrid
methods for construction of more accurate
methods, which constructed at junction of Adams
and Runge-Kutta methods.

2.2 Application of Some Finite-difference
Method for Solving Nonlinear Volterra
Integral Equations

The integral equations with the variable
boundaries have wide application in solution of
many problems related with different branches of

1 : (J) 1 :
n+J h:z i yn+| h:z

I'I+I+V !

natural sciences such as the study of atomic
energy, some types of the earthquakes, some
problems of communication, environmental and
biological systems, weather, etc. Therefore,
lately is increased interest in the investigation of
the equation (3). There are necessity construct
new methods with improved properties. Here, we
show that there are such methods in class of
finite-difference methods, as well as in class of
multistep hybrid methods. We use the following
approximation of derivatives in the construction
of methods for solving of the equation (3):

(vi|li=-1,-1+1..k o=0L..,k)- (15)
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In this case, we can write the finite-difference equations with constant coefficients as:

o PRI X D ARVI UL o PRV o 1S VARE 0 T VA0 VAR VA0S | (16)

Here, O(Y',,Y 1i1s--Y ek ) is the limited function of its arguments. It is possible to propose the
following method to finding of the numerical solution of equation (3):

& )
ZZ,& K(Xn+jlxn+i1yn+i)+

k k
_Zaiyn+i = _Zaign+i +h
i=0 i=0 i=0j=0

(17
+h3 Y yOK (x,..
Z Z Y (Xn+| ’Xn+li ’yn+li )1

i=0j=0
where |, =i +v;, (|Vi| <1 i=012,...k).

Suppose that equation (1) has a continuous solution for construction of the methods of type (2) which
determined on the segment[xo, X], and the kernel of the integral is the function K(X,z,Y),
which  continuous on totality of arguments and is defined in some closed set
G ={XO <x<gz+esX +s,|y| < b}. Usually some coefficients of method (2) are chosen fore =0

in the form Bi“) =0, yi”) =0 for j<i. There are many methods for solving equation (1). For

example, the method (17) can be applied to solving of the equation (3) when yi”) =0(i, ) =0L....k)

K k.

and ZZ(VFJ))Z ¢O(e.g.[52]—[54]). In the first case, we obtain the Adams method, and in the
0 10

second case, we obtain multistep methods such as hybrid method (e.g. [20][33][34],[49]).

Consider the following method, which is obtained from (15), as a particular case:

yn+2 = yn + fn+2 - fn + h(K(Xn ' Xn’ yn) + K(Xn+21Xn1 yn) + 4K(Xn+1l Xn+11 yn+1) +
+4K (Xn+2 ! Xn+l’ yn+1) + 2K (Xn+2 ' Xn+2’ yn+2 ))/6 (18)

This method reminds us the Simpson method, but these methods have different properties. The
Simpson method is obtained from the method of (7) for K = 2 and it is the unique method, which has
accuracy p = 4. The method (18) also stable and has accuracy p = 4, obtained from the method (17)

when k =2 and it is not unique, which has accuracy p = 4.

K K k Kk ) k ko
Zaiymi = Zaignﬂ + hZZBi(I)K(ij ’Xn+i1yn+i)+ hzzyi(J)K(Xnﬂ' 1Xn+|i ’yn+|i )'
i=0 i=0

i=0 j=0 i=0 j=0
where |, =i +v, (|Vi| <1 i=0L12,...k).

As is known the methods, which are applied to solving equation (3), have their own advantages and
shortcomings. Therefore, scientists began to construct new methods that were at the joint of one step
and multistep methods and preserved their best properties in the middle of twentieth century. Such
methods were called hybrid methods. These methods differ from the preceding ones by their high
accuracy and extended domain of stability. Hence, investigation of hybrid methods represents both
scientific and practical interest. Taking into account that advantage of hybrid methods, we consider
investigation of the method (17). Note that the method (17) generalizes of many known methods.
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Remark, that the coefficients of the method (17) were defined by using of the coefficients of the
method (10).

Note that the accuracy of the finite-difference methods of the type (10) is determined by means of the
notion of degree, since the quantity K is an order of method (10). Therefore, notion of the degree for
the method (10) is determined as follows:

Definition 1. Let the function z(X) is determined on the segment [XO, X]and it is sufficiently smooth.

Then, the integer quantity p > 0 is called the degree of the method (10), if the following is held:

S (a,2lx +ih) - (B, 2 (c+in) +y, 2 (x+ i +v,)n) =0fr*), h - .

i=0

One of the basic problems in researching
of the method (10) is the obtaining of
the maximum value for the degree P. However,

value of K s given in the method (10).
Therefore, the specialists try to define the
relation between the order and the degree of the
method (10). We wuse the method of
undetermined coefficients for defining the relation

between the quantities Pandk, in which uses
the Taylor expansion of the functions z(x +ih),
Z(x+ih) and Z(x+(i +v,)h)in the correlation
(19). In this case, we receive the system (11) of

algebraic equation for determination of the
coefficients of the method (10).

Thus, we get a homogeneous system of
nonlinear algebraic equations for determination

of the values of the quantities o;,B;,y;,V; (
i = 012,...,k). The amount of equations equals
p+1, but the amount of unknowns equal

4k +4 in this system (11). As is known the
system (11) has always a zero (trivial) solution.
However, the trivial solution is no interest to us.
Therefore, we consider the definition of non-
trivial solutions of the system (11). We can prove
when p+1<4k+3 the system has nontrivial

Yoiz = Yo +h(64y;,, +98y,,, +18y,)/180+h(8y,, +98y,,, +64y,, )/180

(19)

solutions. Hence, it follows that p,,, =4k +2 .

Usually the methods with the degree
p =4k +2 are unstable fork > 2. Stability of

method (10) is similarly defined from the
methods, obtained from the method (10) for

v, =0 (i=01..k).

Definition 2. The method (10) is stable if the
roots of its characteristic polynomial p()\) lie

inside the unit circle on the boundary of which
does not have multiple roots.

As is known, the question of finding the solution
of nonlinear algebraic equations is one of the
most difficult processes. Therefore, we consider

the case K =2and put o, =1,a, =00, =-1

in the system (11), and by solving the obtained
system of nonlinear algebraic equations, we
have:

B, =64/180 [, =98/180 [, =18/180Q
y, =18/18Q )y, =98/18Q

yo =64/18Q 1, =1+~21/14, 1, =1,
I, =1-~21/14

Hence, we get the following method:

(20)

The constructed method has the degree p = 8and is stable.

Now we consider application of the method (17) for finding of the numerical solution of the equation
(3). We can write this method for applying to solving equation (3) in one variant as:
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Yorz = Yo t Onio = 9n ThGAK (X2, Xoi2) Yoiz) + 4K (X2 Xigs Yia) +
+ 49K (X1, Xnuas Yur) + OK (X, Xo ¥ ) + 9K (X, %, Y,)) 1180+
+hOK (X120 Xnu1, Yoo, )+ OK (Xt s X, s Y, ) + 49K (X0 X Youa) + (21)
+ 4K (Xpg1 Xnagr Yiwr) + 32K (X0 Xy Yo, ) +
+32K (X3 Xy, » Vo)) /180

As it was mentioned above, the numerical solution of equation (3) may be found by the quadrature
method.

Note that if we assume that K(X,z,y) =b(z,y) then integral equation (3) will be equivalent to the
initial value problem for the ordinary differential equations, which has the following form:

Y =9’ +b(x,y), ¥(X) = y(X)-
By another way solving of the equation (3) is replaced by the following one:
y' =9'(x) +K(xxy) +U(x),
600 = [KL(x 5 y(9)ds.
X

We can find the value of the function J(X) by using one of the methods applied to determination of

solution of the integral equations, and then taking into account the obtained values in the differential
equation, we can find approximate values of solution of the integral equation (3).

Assume that solution of equation (3) is known. Then, taking this into account, we get an identity, from
which we have:

y'(x)= g'(x)+ K% y(0) + [ K (xs,y(s)ds, xO [%,, X]. (22)
Xo

The obtained the integro-differential equation is equivalent to the following system of the differential
and integro-differential equations:

y'=9'(x) + K(Xy,y) +V(x), (23)
V' =K (%% )+ [KL (%5, y(9)ds. (24)
Xo

Remark, that solving of the integral equation is reduced to solving of the differential equations if
K'X'2 (x,2,¥) =0. Several of papers are devoted to the investigation of the systems of the equations

(23) and (24) (e.g. [34], [42], [45]).
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Let us consider application of the method (10) to solving following example:

X2

1. y(x)=1+

> + I y(s)ds. Exact solution: y(x) =2e* —x-1. (1)
0

2. y(x)=e "+ Ie_(x_s) y?(s)ds. Exact solution: y(x) =1. (2)
0

The results of calculations are accommodated in Table 2.

Table 2. Comparison of errors for stepsize

h=002

Step size Variable X Error for example (1) Error for example (27)
h= 002 0.10 026E -10 01%E -06
0.20 054 -10 054E -06
0.30 08% -10 01CE -05
0.40 011 -09 017E -05
0.50 014E -09 024 -05
0.60 018 -09 032E -05
0.70 021 -09 040E -05
0.80 025 -09 048& -05
0.90 030E -09 057E -05
1.00 034 -09 066E -05
2.3 Application of Finite-difference where Y(X) is the solution of the problem by

Methods to Solving of Initial Value
Problems  for  Integro-differential
Equation of Volterra Type

As is known Volterra has shown that the
mathematical models for some seasonal
diseases such influenza is formulated by the
integral and differential equations (e.g. [29]). This
work gave impetus to the development of
approximate methods for solving of the integro-
differential equations. Vito Volterra is a founder
of the theory of integro-differential equations. He
first constructed the integral-differential equation,
which is applied to the solution of some applied
problems. One of popular methods for solving of
the Volterra integro-differential equations is the
method of quadrature. Note that the quadrature
method was first used by Volterra for solving of
the integro-differential equations with the variable
boundaries. We consider the following initial-
value problem in the Volterra integro-differential
equations:

Y =100y + [Kxs y(9)ds, y00)
X
=VYo, X SS<X<X.

(25)

10

using the following notation:

z(x) = JX.K(X, s, y(s))ds, x, < s<x< X, (26)

Xo
problem (25) can be rewritten as:

y' = (X, ¥(X), ¥(X)) = Yo- @27)

The following k-step method with constant
coefficients can be applied for using the known

quantities Y,,Y,,...,Y,, and Z,7,,...,Z,_, for
solving the problem (25). In this case, we have:

k k
z aiyn+i = hz BiF(Xn+i!yn+i!Zn+i)' (28)
i=0 i=0

Here, Vy.,.z,(m=022..) are the approximate
values of the function y(X) and z(X) on the
mesh points X, = X, +Mh, (m= 012...), where
the step size h >0 is the integration step size,
which is divided the segment [XO,X] into N
equal parts. If there is a way to determine
Z... (n=0), then it should be used in formula
(28). Furthermore, we can calculate the values of
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the function y(x) on the mesh points existence of stable forward jumping methods with

X (M= 012,..,N—-K). In this case, solving of @ higher order of accuracy than k+2 was
the problem (25) is equivalent to solving an Proven and the method for solving of the Volterra
initial-value problem for ordinary differential and  INtégral equations was proposed in [43]. Remark
the integral equations (see, e.g., [46-49]). Thus, that the stable hybrid methods with a h|gh(_er
we can find solution of the problem (25) by order of accuracy than 2k were constructed in
means of multistep methods with constant [14], but a hybrid method was applied to extend
coefficients. Note that solving of the integral ~Makroglou's ideas for solving the equation (3) in
equations can be accomplished with several the paper [34]. Thus, we find that the numerical

different approximation methods (see, e.g., [50- methods of the ordinary differential equations
51]). can be applied to solve both of integral equations

of type (2) and initial-value problems by the form

To solve problem (25) one can use the following of (1)-(2). Note that if someone wants to solve
multistep method (e.g., [52] or [45]): the Volterra integral equations by using
quadrature or other methods which are different

k k K from method (29)-(30), then he can't use the
2aYnyi =hX Bt +hX vz, , methods of the ordinary differential equations,

i=0 i=0 i=0 (29) exclusively to solve problem (25). However, if the
kernel of the integral is the degenerate function,

k. k ko ie., if
2 i Zpy =h_Z_ZVi(J)K (Xnaj XnsiYnsi ) 1€ !
i=0 j=0i=0 (30) m
K(x,zYy)= X)h, (z, (31)
This method is obtained by using a multistep ( ) sz‘l’a\'( )Q,( )

method to solve both of the integral equation (3)

and the initial-value problem (1)-(2). Therefore, then problem (25) can be reduced to a system of
solving of the problem (25) can be accomplished the ordinary differential equations. In this case,
by one of the approximate methods of the problem (25) can be solved by using the
ordinary differential equations with using some methods of ordinary differential equations.
combinations of the methods which proposed for

solving of the integral equations with the variable In this work, we constructed stable hybrid
boundaries. The order of accuracy of the stable ~Methods with a high order of accuracy in which
methods which has been constructed by the Use minimal amount of information about solution
scheme (29) - (30), is not exceedk +2; this of the problem (25).The proposed work is a

result was established by Dahlquiste (e.g. [12]). c106r1tinuation of the investigations conducted in
Therefore, scientists had proposed various ways [16].

to construcF stable methods with gn order of Consider the application of the method (10) for
accuracy higher thank+2. To this end, the golving of the problem (25). In this case, we
hybrid method, which was the first investigated  optained the following:

by Gear and Butcher, was applied to solve the

problem (1)-(2) (e.g. [9,10]). However, the

k k k k )
Zaiynﬂ = hZBI fn+i + hZZ(BI(J)K(XFH-J 1Xn+i ’ yn+i) +

i=0 i=0 i=0i=0 (32)
+yi(j)k(xn+j+v‘ 'Xn+i+vi 'yn+i+v‘ ))(‘V|‘ <11| = O’L!k)

from which we can obtain many well-known hybrid methods. Method (10) is applied for solving of the
problem (27) in [54], and it has proved that there exist stable methods of type (10) with degree

p=3k+1.

We can prow that the following relation between the coefficients B,y (i, j = 01,...,k) and the

quantities 3, ,y; (i = 0L,...,K) exist:

11
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iBi(j) = =

i=0

R k
Ly
B.ggw

. (i=01...Kk).

(33)

Let us consider the application of the following method:

yn+1 = yn + h(y;1+1/2+a + y:1+1/2—cx )/21 (G = \/73’/6)

(34)

If we applied the method (10) for solving of the problem (25), then in one variant obtained the

following:

h
yn+1 = yn + h( fn+1/2+u + fn+]/2—u) + Z(K (Xn+1! Xn+]/2+a ’ yn+]/2+u) +

+K (Xn+1/2+a ’ Xn+1/2+a ’ yn+:|/2+a) +K (Xn+l’ Xn+:|/2—u ’ yn+1/2—u) +

(39)

+K (Xn+:|/2—a ' Xn+1/2—tx ’ yn+1/2—a ))

Let us consider the applying of the hybrid method to solving of the next problem:

y' = (4exp(-y) -x°)/3+ %T%sz expl(s))ds,1sx <2,y =0
1

(the exact solution is y(X) = In x).

This problem is solved by the classical Simpson methods and by the following:

Yoir = Y + h(yln+4yln+]/2+yln+1 )/6

(36)

Note that the received results consistent with the theoretical results and presented here, which can be

found in Table 3.

Table 3. Comparison of errors for stepsize

h=1/32

Step size Variable X Error of the Error of the hybrid Error of the
Simpson method method method (36)
h= ]/32 1.031 0.85E-07 0.63E-09 0.93E-03
1.250 0.23E-05 0.10E-06 0.57E-02
1.500 0.60E-05 0.27E-06 0.13E-01
1.750 0.77E-05 0.32E-06 0.25E-01
2.000 0.29E-05 0.25E-07 0.45E-01

3. CONCLUSION

In this paper, we used the method of finite-
difference for solution of the ordinary differential
equations, integral equations and integro-
differential equations of Volterra type. In this way,
we have defined some relationship between the
above-mentioned equations. Note that these
methods have been applied to determination of
the relationship between the ordinary differential
equations and Volterra integral equations by

12

using of the mechanical quadrature, which is
called quadrature method.

The method, which here is proposed for the
solution of integral and integro-differential
equations of Volterra type, almost the same as
the method that is applied for the solution of the
ordinary differential equations. Such method
allows decreasing the amount of the computing
work in the investigation of the integral and
integro-differential equations of Volterra type.
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Taking into account, the above-described
relationship between the ordinary differential,
integral and integro-differential equations for
solving them, here, the hybrid methods are
constructed with high accuracy.

We hope to see, constructed here hybrid
methods will find their application in many of
research projects.

The authors are most grateful to the readers, if
they find the opportunity to send us your
comments on the content and formulation of
work.

ACKNOWLEDGEMENTS

The authors wish to acknowledge academician
Ali Abbasov for his most helpful advice during the
investigation of the computational aspects of our
problem. And the authors also wish to thank the
referee for his valuable suggestions concerning
the structure of this paper, which improved the
presentation of the article.

COMPETING INTERESTS

Authors have declared that

interests exist.

no competing

REFERENCES

1. Krylov AN. Lectures on approximate
calculations. Moscow, Gocteh-lzdat; 1950.

2. Skvortsov LM. Explicit two-step
Runge-Kutta methods. Math. Modeling.
2009;21:54-65.

3. Mehdiyeva G. Yu, Ibrahimov V, Nasirova
II. On some connections between Runge-
Kutta and Adams methods. Transactions
Issue Mathematics and Mechanics Series
of Physical-technical and Mathematical
Science. 2005;5:55-62.

4, Anantha Krishnaiah U. P-stable Obrechkoff
methods with minimal phase-lag for
periodic initial value problem. Mathematics
of Computation. 1987;49(180):553-559.

5. Iserles A, Norset SP. Two-step method
and Bi-orthogonality. Math. of Comput.
1987;180:543-552.

6. Enrite WH. Second derivative multistep
methods for stiff ordinary differential
equations. SIAM, J. Numer. Anal.
1974,2:321-332.

7. Kobza J. Second derivative methods of
Adams type. Applikace Mathematicky.
1975;20:389-405.

13

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Ibrahimov V. On the maximal degree of the
k-step Obrechkoff's method. Bulletin of
Iranian Mathematical Society. 2002;28(1):
1-28.

Gear CS. Hybrid methods for initial value
problems in ordinary differential equations.
SIAM, J. Numer. Anal. 1965;2:69-86.
Butcher JC. A modified multistep method
for the numerical integration of ordinary
differential equations. J. Assoc. Comput.
Math. 1965;12:124-135.

Caiping Zhuo, Zanchun Wang and Weiran
on the Entire Solutions of a Nonlinear
Differential Equation of Hayman British
Journal of Mathematics & Computer
Science. 2015;5:3. Article no. BJMCS,
2015, 028, 408-413.

Areo EA, Ademiluyi RA, Babatola PO.
Accurate collocation multistep method for
integration of first order ordinary differential
equations. J. of Modern Math. and
Statistics. 2008;2(1):1-6.

Akinfewa OA, Yao NM, Jator SN. Implicit
Two step continuous hybrid block methods
with four off steps points for solving stiff
ordinary differential equation. WASET.
2011;51:425-428.

Mehdiyeva G, Imanova M, Ibrahimov V. A
way to construct an algorithm that uses
hybrid methods. Applied Mathematical

Sciences, HIKARI Ltd. 2013;7(98):
4875-4890.

Gupta GK. A polynomial representation of
hybrid methods for solving ordinary
differential equations. Mathematics of

Comp. 1979;33(148):1251-1256.
Mehdiyeva G. Yu., Ibrahimov VR. On the
research of multi-step methods with
constant coefficients. Monograph,
Lambert. Acad. Publ.; 2013.

Ehigie JO, Okunuga SA, Sofoluwe AB,
Akanbi MA. On generalized 2-step
continuous linear multistep method of
hybrid type for the integration of second
order ordinary differential equations.
Archives of Applied Research.
2010;2(6):362-372.

Mehdiyeva G, Ibrahimov V, Imanova M.
The application of the hybrid method to
solving the Volterra integro-differential
equation. World Congress on Engineering,
London, U.K., 3-5 July. 2013;186-190.
Yanenko NN. The method of fractional
steps for solving  multidimensional
problems of mathematical physics.
Novosibirsk Science; 1967.



20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Mehdiyeva et al.; BJAST, 14(2): 1-15, 2016; Article no.BJAST.22964

Mehdiyeva G, Imanova MG. Compares of
some algorithms by using first and second
derivative multistep methods. International
Journal of Applied Mathematics and
Informatics. 2013;7:107-114.

Ryabenskii VS, Filippov AF. On the
stability of difference equations. — M.:
Gostekhizdat; 1956.

Shura-Bura MR. Error estimates for
numerical integration of ordinary
differential equations. Prikl.matem. and fur.
1952;5:575-588.

Mukhin IS. By the accumulation of errors in
the numerical integration of differential-
differential equations, Prikl.mat. and fur.
1952;6:752-756.

Bahvalov NS. Some remarks on the
question of the numerical integration of
differential equations by finite difference
method. Dokl. 1955;3:805-808.

Henrici P. Discrete variable methods in
ordinary differential equation. Wiley, New
York; 1962.

Stetter X. Analysis of sampling methods for
ordinary differential equations. M.: Mir.
1978;461c.

Dahlquist G. Convergence and stability in

the numerical integration of ordinary
differential  equations. Math. Scand.
1956;4:33-53.

Polishuk Ye. M. Vito Volterra. Leningrad,
Nauka; 1977.

Volterra V. Theory of functional and of
integral and integro-differensial equations.
Moskow, Nauka; 1982.

Verlan AF, Sizikov VS. Integral equations:
methods, algorithms, programs. Kiev,
Naukova Dumka; 1986.

Brunner H. Imlicit Runge-Kutta Methods of
Optimal oreder for Volterra integro-
differential equation. Methematics of
Computation. 1984;42(165):95-109.

Lubich Ch. Runge-Kutta theory for Volterra
and Abel integral equations of the second
kind. Mathematics of Computation.
1983;41(163):87-102.

Makroglou A. Hybrid methods in the
numerical solution of Volterra integro-
differential equations. Journal of Numerical
Analysis. 1982;2:21-35.

Mehdiyeva G, Ibrahimov V, Imanova M.
On one application of hybrid methods for
solving Volterra Integral Equations World
Academy of Science. Engineering and
Technology, Dubai. 2012;809-813.
Ibrahimov VR, ImanovaMN. On a
Research of Symmetric Equations of

14

36.

37.

38.

39.

40.

41.

42.

43.

44,

45,

46.

47.

Volterra Type. International Journal of
Mathematical Models and Methods in
Applied Sciences. 2014;8:434-440.

Mehdiyeva G. Yu. On the construction test
equation and its applying to solving
Volterra integral equation. Mathematical

methods for information science and
economics, proceedings of the 7"
WSEAS International conference an

Applied Math. (AMATH 12), 109-114.
Bolarinwa Bolaji. Fully implicit hybrid block
—predictor corrector method for the
numerical. Integration of Journal of
Scientific Research & Reports. 2015;6(2):
165-171. Article no.JSRR.2015.141,
Hammer PC, Hollingsworth JW.
Trapezoidal methods of approximating
solution of differential equations. MTAC.
1955;9:92-96.

Hairier E, Norsett SP, Wanner G. Solving
ordinary differential equations. (Russian)
M., Mir; 1990.

Imanova MN. One the multistep method of
numerical solution for Volterra integral
equation. Transactions Issue Mathematics
and Mechanics Series of Physical -
Technical and Mathematical Science.
2006;XXBI(1):95-104.
Bakhvalov NS. Numerical
Nauka; 1973.

Mehdiyeva G, Ibrahimov V, Imanova M.
On an application of the Cowell type

methods. M.

method. News of Baku University.
2010;2:92-99.
Mehdiyeva G, lbrahimov V. Imanova M.

Application of a second derivative
multistep method to numerical solution of
Volterra integral equation of second kind.
Pakistan J. of Statistics and Operation
Research. 2012;8(2):245-258.

Dahlquist G. Stability and error bounds in
the numerical integration of ordinary
differential equation. Trans. of the Royal
Inst. of Techn., Stockholm, Sweden, Nr.
1959;130:3-87.

Mehdiyeva G, Ibrahimov V, Imanova M.

Solving Volterra Integro-Differential
Equation by the Second Derivative
Methods  Applied Mathematics and
Information  Sciences. 2015;9(5):2521-
2527.

Linz P. Linear Multistep methods for
Volterra  Integro-Differential  equations.

Journal of the Association for Computing
Machinery. 1969;16(2):295-301.

Feldstein A, Sopka JR. Numerical methods
for nonlinear Volterra integro differential



48.

49.

50.

51.

52.

53.

54.

Mehdiyeva et al.; BJAST, 14(2): 1-15, 2016; Article no.BJAST.22964

equations. SIAM J. Numer. Anal. V.
1974;11:826-846.

Makroglou AA. Block - by-block method for
the numerical solution of Volterra delay
integro-differential equations. Computing 3.
1983;30(1):49-62.

Bulatov MB, Chistakov EB. The numerical
solution of integral-differential systems with

a singular matrix at the derivative multistep

methods. Dif. Equations. 2006;42(9):
1218-1255.

Budnikova OS, Bulatov MV. The
numerical solution of equations

integroalgebraicheskih multistep methods.
Journal of Comput. Math. and mat.fiziki, T.
2012;52(5):829-839. (Russian).

Mamedov Ya. D, Musayev VA. The study
of solutions of nonlinear operator
equations of Volterra-Fredholm. Report of
the Academy of Sciences of the USSR, V.
1985;284:6.

Mehdiyeva G, lbrahimov V, Imanova M.
Research of a multistep method applied to
numerical solution of Volterra integro-
differential equation. World Academy of
Science, engineering and Technology,
Amsrterdam. 2010;349-352.

Mehdiyeva G, Imanova M, lbrahimov V.
Application of the hybrid methods to
solving Volterra integro-differential
equations. World Academy of Science,
engineering and Technology, Paris.
2011;1197-1201.

Mehdiyeva G. Yu, Imanova MN, Ibrahimov
VR. On a way for constructing numerical

55.

56.

57.

58.

59.

60.

methods on the joint of multistep and
hybrid methods. World Academy of
Science, Engineering and Technology,
Paris. 2011;240-243.

Galal I. EI-Baghdady, EI-Azab MS. A new
chebyshev spectral-collocation method for
solving a class of one-dimensional linear
parabolic partial Integro-differential.
Equations British Journal of Mathematics &
Computer Science. 2015;6(3):172-186.
Article no. BJMCS. 2015.071.

Yan Liang Existence of Coupled Quasi-
solutions of Nonlinear Integro-Differential
Equations of Volterra Type in Banach
Spaces British Journal of Mathematics &
Computer Science. 2015;5(4):471-478.
Article no. BJMCS. 2015.033.

Mehdiyeva G. Yu, Imanova MN, Ibrahimov
VR. On one application of forward jumping
methods. Applied Numerical Mathematics.
2013;72:234-245.

Dahlquist G. Stability and error bounds in
the numerical integration of ordinary
differential equations. 85 S. Stockholm
1959. K. Tekniska Hogskolans Handlingar.
1959;130:87.

Ibrahimov VR. On a relation between order
and degree for stable forward jumping
formula. Zh. Vychis. Mat. 1990;7:1045-
1056.

Mehdiyeva G. Yu, Imanova MN, Ibrahimov
VR. The application of the hybrid method
to solving the Volterra integro-differential
equation. World Congress on Engineering
2013, London, U.K., 3-5 July. 2013;
186-190.

© 2016 Mehdiyeva et al.; This is an Open Access article distributed under the terms of the Creative Commons Attribution
License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.

Peer-review history:
The peer review history for this paper can be accessed here:
http://sciencedomain.org/review-history/12968

15



