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Abstract 
 

H1N1 influenza, is a disease caused by the Type A strain of negative-sense single stranded RNA virus 
which has unique characteristics of reassortment making it different and difficult to control. Due to the 
unique nature of the virus, the constant globalization of the international population, and the lack of 
effective immunization, this virus is a great threat to public health. There is only limited data available on 
impacts of immigrants on H1N1 transmission. So, there is real need to study impacts of immigrants on 
H1N1 transmission as well as vaccination. We have studied a mathematical model for simulation study of 
H1N1 transmission through immigrants and vaccination. The class of susceptible people is divided in two 
types: vaccinated immigrants and non-vaccinated immigrants. The medications and hospitalizations are 
the remedial steps to get cured. The rate at which people get medicated or hospitalized is analyzed using 
SEIR model. The system of non-linear ordinary differential equation is formulated for the given model 
and the reproduction number is then calculated using next generation matrix method which indicates the 
recovery rate of an individual stability. Numerical simulations are then carried out. Our study showed that 
increasing the awareness among the general population, immigrants about clinical features and modes of 
transmission of H1N1 and improving the vaccination rate helps decrease the transmission of H1N1.  
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1 Introduction 
 
H1N1 influenza, caused by the Type A strain of influenza virus, and is a disease transmitted from infectious 
pigs to humans. Similar to many other influenza viruses, H1N1 viruses mutate continuously, a characteristic 
they share with many other influenza viruses. Reassortment is the unique nature of H1N1 which occurs as 
influenza viruses from different species infect pigs, and new viruses that are a mix of genes from swine, 
human and/or avian influenza viruses can emerge. H1N1, H1N2, H3N2, and H3N1 are the four main 
influenza type A virus subtypes that have been isolated in pigs [1].  
 
The Adjacency of humans to infected pigs at the places like pig barns and livestock exhibits housing pigs at 
fairs can lead to direct transmission of Influenza A virus from pigs to people [1]. Human-to-human 
transmission of swine flu occurs through direct contact with an infected person or indirect contact via 
contaminated surfaces and objects [2]. Other bodily fluids (e.g. diarrheal stool) should also be considered 
potentially infectious [1] as well as respiratory secretions. Lack of immunity to the virus from previous 
exposure due to frequent mutations of influenza viruses is one of the reasons for influenza to be able to 
spread to a pandemic level [3]. According to the CDC, extremes of age and people with chronic diseases or 
with reduced immunity are at higher risk for H1N1 influenza complications. 
 
Simple measures like proper hand hygiene, avoiding contact with contaminated surfaces, and covering 
mouth with sleeve or tissues during coughing and sneezing have been shown to reduce the risk of 
transmission of influenza [4]. Alcohol-based sanitizing gels are better instead of soap and water when hands 
are not visibly soiled [5]. Studies done by Steelfisher et al. [6], Ferguson et al. [7], Glass et al. [8], Tahir et 
al. [9], Tahir et al. [10] showed that influenza mitigation efforts should include hygiene (e.g. hand washing) 
social distancing (e.g. avoiding places where many people gather) and pharmaceutical interventions (e.g. 
medications and vaccination).  
 
With widespread community transmission on at least two continents [1], WHO has officially declared the 
2009 H1N1 influenza to be a pandemic on June 11th, 2009 [4] More than 170 countries and territories 
reported influenza cases by August 2009 [5]. One of the main reasons for the fast spread of the disease 
across nations was the lack of knowledge at the individual level. Since 2010, about 1 million people are 
immigrating lawfully and obtaining permanent residency in the United States per year according to 
immigration yearbook statistics 2017 [11]. Constant international migration of the population can promote 
infectious disease spread between different countries. Alfonso Rodriguez et al. [12] has shown vaccine 
education targeting immigrants from bilateral countries can help mitigate the spread of influenza. Influenza 
has resulted in around 9.3 million–49.0 million illnesses, around 140,000–960,000 hospitalizations and 
around 12,000–79,000 deaths annually since 2010 [13].  
 

Annual influenza vaccination is recommended for those aged 6 months and older in the United States and is 
the most effective way to prevent influenza and its complications. Inactivated influenza vaccine (IIV), live 
attenuated influenza vaccine (LAIV), and recombinant influenza vaccine (RIV) are approved in the United 
States. In fact, it is recommended that travelers to the tropics, who have not received influenza vaccine 
during the preceding fall or winter should consider influenza vaccination 2 or more weeks before the 
departure (CDC). A study done by Conway et al. [14] showed that a mere increase in vaccination rate of the 
population is not enough but the timing of vaccination is very important. Vaccination started 2 weeks before 
the anticipated epidemic helps decrease morbidity and mortality by about 80-90% compared to non-
vaccination individuals [14]. 
 

The socio-economic burden and impact of H1N1 pandemic are huge. Compared to developing countries, 
developed countries are better prepared to alleviate the impact of the influenza pandemic. Barriers faced by 
developing countries are high prevalence of the infective disease, large population, poor public knowledge 
about the disease, difficulty in accessing medical care, poorly developed public health infrastructure, and 
low socio-economic conditions. Previous research by Kowal et al. [15] has demonstrated that one of the 
reasons for the low vaccination rate among immigrants is due to language barriers leading to ineffective 
communication between provider and patients as well as lack of massive public health awareness campaign. 
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Research done by Rodriguez et al. [12] has shown that the low vaccination rate was primarily due to lack of 
time, poor understanding about the seriousness of the disease, and questions about the safety and 
effectiveness of vaccines. Studies done by Lu et al. [16], Linn et al. [17], Bish et al. [18], Lindley et al. [19] 
shows that socioeconomic status of the population, access to health care services, and their attitude towards 
the vaccine, provider and illness plays a key role in their ultimate decision of vaccination. In addition to the 
low vaccination rate, host factors, like malnutrition and limited availability of antiviral drugs (oseltamivir 
and zanamavir) can also influence morbidity and mortality [20]. 
 
The influenza virus is a serious risk to global public health due to the limited availability of proper vaccines 
and antiviral drugs, the constant movement of the world’s population, and unique nature of the virus [21]. 
For the same reasons, many countries are not well prepared for the epidemics of H1N1. Massive public 
awareness and knowledge about the disease may help reduce the morbidity and mortality during future 
outbreaks [1]. We found good review of literature of the transmission of H1N1, but we have limited 
information available on impact of immigrants on H1N1 transmission. With constant migration of the 
world’s population, and H1N1 influenza disease has been raised up to pandemic level in 2009 with serious 
risk to global public health, there is real need to study effects of immigrants on H1N1 transmission as well as 
impact of vaccination.  
 
The aim of this study is to help understand H1N1 transmission through immigration and vaccination. 
Incorporation of monitoring data with mathematical models helps public health planners to maximize the 
benefits to the general population from offered therapeutic options before the epidemic reaches its worst. We 
believe that increased awareness about vaccination and their availability, improved general population 
awareness about H1N1 transmission, steps that individual and government can take to prevent the rapid 
spread of the viruses by different preventive techniques can decrease the socio-economic burden on society 
and decrease morbidity and mortality from H1N1. 
 

2 Mathematical Model 
 
Here we formulate a mathematical model for simulation study of H1N1 transmission through immigrants 
and vaccination. The notations along with its parametric values are shown in Table 1. 
 

Table 1. Notation and its parametric values 
 
Notation  Parametric values 

B  New recruitment rate 0.10 
v Rate of immigrant individuals 0.01 

( )S t  Number of individuals susceptible to H1N1 at any instant of time t 20 

( )CV t  Number of individuals who get vaccinated at any instant of time t 12 

( )vN t  Number of individuals who get non-vaccinated at any instant of time t 4 

( )I t  Number of individuals who get infected at any instant of time t 14 

( )M t  Number of individuals who get medicated at any instant of time t 8 

( )R t  Number of recovered individuals  6 

1  Rate at which susceptible individuals gets infected 0.05 

2  Rate at which susceptible individuals gets vaccinated 0.6 

3  Rate at which susceptible individuals gets non-vaccinated 0.2 

4  Rate at which no vaccinated gets vaccinated 0.3 

5  Rate at which vaccinated gets infected  0.1 

6  Rate at which non-vaccinated get infected  0.5 
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Notation  Parametric values 

7  Rate at which infected get medicated 0.2 

8  Rate at which medicated get recovered 0.7 

9  Rate at which recovered get again susceptible 0.5 

  Natural death rate 0.4 

( )N t  Sample size at any instant time of t 100 

 
The transmission diagram of H1N1 through immigrants and vaccination is shown in Fig. 1. 
 

 
 

Fig. 1. Flowchart of H1N1 transmission trough immigrants and vaccination 
 

In this model, Susceptible(S) enters with the new recruitment rate B  and v. v  is the rate of immigrants. 
Susceptible people are split in two ways. Firstly, susceptible people who get vaccinated enter with the rate of 

2 and secondly susceptible people who get non-vaccinated enter with the rate of 3 . 

 

Susceptible people get directly infected for H1N1 at the rate of 1 . Non-Vaccinated people enter in the 

compartment of vaccinated at the rate of 4 .Vaccinated and non-vaccinated people get infected with the 

rate of 
5 and 

6 respectively. Infected people get medicated/hospitalized at the rate of 
7  and 

medicated/hospitalized people recovered at the rate of 8 . It may happen that recovered people again go 

back to the susceptible at the rate of 9 .  Here, B and   describes new recruitment rate and natural escape 

rate respectively. 
 
Fig. 1 is described by the following set of   non-linear ordinary differential equations. 
 

1 2 3 9c v

dS
B v SI SV SN R S

dt
          

 
 

2 4 5
c

c v c c

dV
SV N V V

dt
        

3 4 6
v

v v v v

dN
SN N N N

dt
                        (1) 
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5 6 1 7c v

dI
V N SI I I

dt
        

 
 

7 8

dM
I H M

dt
    

 
 

8 9

dR
H R R

dt
      

 

where c vS V N I M R N      . Also 0, 0, 0, 0, 0c vS V N I M R      
 

 
Adding the above set of equations of system (1), we have 
 

( ) ( ) 0c v c v

d
S V N I M R B S V N I M R

dt
                                           (2) 

 
which implies that 
 

lim ( )c v
t

B
Sup S V N I M R


                      (3)  

 
Thus, the feasible region of the model is, 
 

( , , , , , ) / , 0, 0, 0, 0, 0c v c v

B
S V N I M R S L H A C R S V N I M R



 
               

 
(4) 

 
On solving these set of equation (1) by putting equal to zero, we get the equilibrium points. Therefore, the 
equilibrium points of the model are 
 

0 ,0,0,0,0,0
B

E


 
  
 

, 

 

1 1 1 1 1( ,0, 0, , , )E S I M R , 

 

22 2 2 2 2( , , 0, , , )cE S V I M R , 

 

33 3 3 3 3( , 0, , , , )vE S N I M R
 

 
Where, 
 

4
1

1

S



 , 4 5 6

1

1 7 8 9 4 5 6

( )

( )

B v
I

   

      

 
 


 , 4 7 6

1

1 7 8 9 4 5 6

( )

( )

B v
M

   

      

 
 


, 

1

7 4 8

1 7 8 9 4 5 6

( )

( )

B v
R

   

      

 
 


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2
2

2

S



 , 

2

5 6 2 1 2 2 4
2

1 5 5 6 2 1 2 5 6 2 5 7 8 9 2 5 6 4 2 2

( )( )

( )
c

B v
V

       

                   

  
 

  
, 

 

5 5 6 2
2 2

1 5 5 6 2 1 2 5 6 2 5 7 8 9 2 5 6 4 2

( )B v
I

    

                  

 


  
 

 

6 7 5 2
2 2

1 5 5 6 2 1 2 5 6 2 5 7 8 9 2 5 6 4 2

( )B v
M

    

                  

 


  
, 

 

7 5 2 8
2 2

1 5 5 6 2 1 2 5 6 2 5 7 8 9 2 5 6 4 2

( )x B v
R

   

                  

 
 

  
 

 

3
3

3

S



 , 

 

3

5 6 3 1 3 3 4 2 3 3 2
2 2

3 1 2 2 5 6 6 1 2 2 4 3 1 2 4 6 5 3 3 5 6 4 2 3

2
4 4 2 1 4 5 6 2 5 6 7 8 9 2 6 3 7 8 9 3 4 5 6 2

( )( )( )

( ( (( ) ( )) (

( ( )) ) ( )))

v

B v
N

x

           

                       

                      

    


     

     
’ 
 

6 2 6 3 3 4 5 6 2 5 3
3 2 2

1 2 2 5 6 6 1 2 2 4 3 1 2 4 6 5 3 3 5 6 4 2 3

2
4 4 2 1 4 5 6 2 5 6 7 8 9 2 6 3 7 8 9 3 4 5 6 2

( ( ))( )

(( ) ( )) (

( ( )) ) ( ))

B v
I

           

                      

                       

    
 

     

     

, 

 

6 2 6 3 3 4 5 6 2 7 3
3 2 2

1 2 2 5 6 6 1 2 2 4 3 1 2 4 6 5 3 3 5 6 4 2 3

2
4 4 2 1 4 5 6 2 5 6 7 8 9 2 6 3 7 8 9 3 4 5 6 2

( ( ))( )

(( ) ( )) (

( ( )) ) ( ))

B v
M

           

                      

                       

    
 

     

     

, 

 

8 2 6 3 3 4 5 6 2 7 3
3 2 2

1 2 2 5 6 6 1 2 2 4 3 1 2 4 6 5 3 3 5 6 4 2 3

2
4 4 2 1 4 5 6 2 5 6 7 8 9 2 6 3 7 8 9 3 4 5 6 2

( ( ))( )

(( ) ( )) (

( ( )) ) ( ))

B v
R

           

                      

                       

    
 

     

     

 

 
Where, 
 

2 5      3 4 6      , 4 7     , 5 8    , and 6 9   
 

 
Now we need to calculate the threshold called basic reproduction number for each equilibrium points. 

The basic Reproduction Number 0R : 

 

0R  is one of the most powerful tools for analyzing and interpreting endemic model. 
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The basic reproduction number is typically defined as the mean number of secondary infections generated by 

a single infectious individual in a whole susceptible population. We required 0R  to access the stability of 

the disease-free equilibrium point and endemic equilibrium point. The next generation matrix method gives 

spectral radius of matrix 1fv where f  and v  are the Jacobian matrices of F  and V  evaluated with 

respect to each compartment at an equilibrium state. 
 

Let ( , , , , , )c vX S V N I M R
 

 
Therefore 
 

( ) ( )
dX

F X V X
dt

                            (5) 

 

Where  ( )F X  denotes the rate of production of new people who get infected and ( )V x represents the rate 

of transition between states, which gives us: 
 

2

3

1( )
0

0

0

c

v

SV

SN

SI
F X







 
 
 
 

  
 
 
 
 

  and    

4 5

4 6

5 6 7

7 8

8 9

1 2 3 9

( )

( )

v c c

v v v

c v

c v

N V V

N N N

V N I I
V X

I H M

H R R

B v SI SV SN R S

  

  

   

  

  

    

   
   
    

  
   

   
 
        

        

 

Now, the derivative of F  and V calculated at an equilibrium point 0E  gives matrices F and v  of order 6 

X 6 defined as: 
 

0( )i

j

F E
f

X

 
  

  

     and   0( )i

j

V E
v

X

 
  

  

 for i , j = 1, 2, 3, 4, 5, 6 

 
So, 
 

2

3

1

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

B

B

Bf













 
 
 
 
 
 

  
 
 
 
 
 
  

 and                
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2

3

5 6 4

7 5

8 6

32 1
9

4 0 0 0 0

0 0 0 0 0

0 0 0

0 0 0 0

0 0 0 0

0

v

BB B

 



  

 

 

 
 

  

 
 
 
  
 

  
 
 
 
  

                                                                                           

 
Here vis non-singular matrix. 
 

Thus, the basic reproduction number 0R  at the point 0E : 

 

 
   

 

    

4 5 6 1 4 6 7 22
1 2 3

5 7 30

4 2 3

5 4 6 1 7 4 6 2 3 5

1
R

       
    

  
  

          

      
         

 
        

 

Using all the values of parameters in table 1 we get 0R = 0.36250 < 1. 

 

The basic reproduction number 0R  at the point 1E : 

 

 
   

 

    

4 5 6 1 4 6 7 22
1 2 3

5 7 30

1 2 3

5 4 6 1 7 4 6 2 3 5

1
R

       
    

  
  

         

      
         

 
        

 

The basic reproduction number 0R  at the point 2E : 

 

 
   

 

      

4 6 7 2 1 3 52
1 2 3

4 6 1 3 70

2 4 2 3

7 4 6 2 5 4 6 1 3 7 4 5

1
R

      
    

    
   

            

     
          

 
            

 

The basic reproduction number 0R  at the point 3E : 

 

 
   

 

    

4 5 6 1 4 6 7 22
1 2 3

5 7 30

3 4 2

5 4 6 1 4 6 2 3 5 7

1
R

       
    

  
  

         

      
         

 
        
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3 Stability Analysis of Disease-Free Equilibrium 
 

The equilibrium for the local and global stability at the points 0 1 2, ,E E E and 3E  of the H1N1 transmission 

through immigrant and vaccination model is discussed at here. 

 
3.1 Local stability 
 
3.1.1 Theorem  
 

(Stability at 0E ): If 
3

4 6

B
  


    and 

1
7

B
 


  then  0 ,0,0,0,0,0

B
E



 
  
 

is locally 

asymptotically stable. 
 

Proof: The Jacobian Matrix J at the equilibrium point 0E  is given by: 

 

32 1
9

5 4

3
4 6

0

1
5 6 7

7 8

8 9

0

0 0 0 0

0 0 0 0 0
( )

0 0 0

0 0 0 0

0 0 0 0

BB B

B

J E

B

 
 

  

  


  




   



  

  

  
 

 
  

 
   
 
 
  
 
 

  
   

 

 
Eigenvalues: 
 

9

8

5

2
3 4 6

2
1 7

B

B



 

 

 

     



   



 
   
  
 

  
   
 
 
  
 
  

 

 

0E  is locally stable if all Eigen values are less than zero. Here 11 12 13, ,   and 14 are less than zero. 

Where 11   , 12 9     , 13 8     , 14 5     . 0E  is locally stable if, 

 

3
4 6

B
  


    and 

1
7

B
 


  .                (6) 
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3.1.2 Theorem  
 

(Stability at 1E ): If 1 1 5 6 8 7 1 9S x x     then 1 1 1 1 1( ,0, 0, , , )E S I M R is locally asymptotically 

stable. 
 

For the point 1( 0)c vE V N  , Jacobian matrix is: 

 

1 2 1 3 1 1 1 9

2 4

3

1

1 1 5 6 4

7 5

8 6

0

0 0 0 0

0 0 0 0 0
( )

0 0

0 0 0 0

0 0 0 0

S S S

J E
I

    

 



   

 

 

    
  
 

  
 

 
 

    
 

where 1 1 1I    , 2 5     , 3 3 1 4 6S         , 4 1 1 7S       , 5 8   

and 6 9    . The Eigen values for the above matrix is 1 2    and 2 3   . So, the reduced form 

of the above matrix has the characteristic polynomial equation 
 

4 3 2
3 2 1 0 0a a a a        . 

 

where, 
 

3 6 5 4 1 0a        
 

 
2

2 1 1 1 1 4 5 6 4 5 6 5 6( ) ( ) 0a I S                 
 

2 2
1 1 1 1 5 6 1 1 1 1 4 5 6 1 4( ( )( ) ( ) 0a I S I S             

 
 

2
0 1 1 1 5 6 8 7 1 1 9 1 4 5 6 0a I S I            

 
 

So, 1E is locally asymptotically stable if 1 1 5 6 8 7 1 9S         which is obvious true. (7) 

 

3.1.3 Theorem  
 

(Stability at 2E ): If 2 1 5 6 7 8 9S       then 
22 2 2 2 2( , , 0, , , )cE S V I M R  is locally asymptotically 

stable. 
 

For the point 2 ( 0)vE N 
 

 

2

1 2 2 3 2 1 2 9

2 2 4

3
2

1 2 5 6 4

7 5

8 6

0

0 0 0

0 0 0 0 0
( )

0 0

0 0 0 0

0 0 0 0

c

S S S

V

J E
I

    

  



   

 

 

    
  
 

  
 

 
 

  
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where, 
 

21 1 2 2 cI V      , 2 5    , 3 3 2 4 6S         , 4 1 2 7S       , 

5 8    and 6 9    . The Eigen value for the above matrix is 1 3 0    . Hence, above 

matrix has the characteristic polynomial equation. 
 

5 4 3 2
4 3 2 1 0 0a a a a a         

 
 
where, 
 

4 1 2 4 5 6( ) 0a          
 

 

2

2 2
3 2 2 1 2 2 1 2 4 5 6 2 4 5 6 4 5 6 5 6( ( ) ( ) ( ) ) 0ca I S S V                           

 
 

2 2

2 2
2 2 2 1 2 5 6 4 5 6 2 2 1 2 1 2 5 4 5 6 1 2( ( ) ( )( ) ( )( )c ca I S S V SV                           

          5 6 1 2 4( )) 0       
 

 

2 2

2 2
1 5 6 2 2 1 2 1 2 5 1 2 4 2 2 4 5 4 6 5 6(( )( ) ( )c ca I S SV S V                                  

         1 5 6 2 4 1 4 5 6 2 1 2 1 5 6 7 8 9( ) ( )) 0I S                  
 

 

2 20 2 1 2 2 1 5 6 7 8 9 2 5 2 1 5 6 7 8 9 4 5 6 2 2 1 2( ( ) ( ) ( )) 0c ca I x S V S S V                         

 

2E  is locally asymptotically stable if 2 1 5 6 7 8 9S            (8) 

 
3.1.4 Theorem  
 

(Stability at 3E ) If 2 1 5 6 7 8 9S       then 
33 3 3 3 3( , 0, , , , )vE S N I M R  is locally asymptotically 

stable. 
 

For the point 3 ( 0)cE V  , Jacobian matrix is 

 

3

1 2 3 3 3 1 3 9

2 4

3 3

3

1 3 5 6 4

7 5

8 6

0

0 0 0 0

0 0 0 0
( )

0 0

0 0 0 0

0 0 0 0

v

S S S

N
J E

I

    

 

 

   

 

 

    
  
 

  
 

 
 

  

 

 

where, 
 

31 1 3 3 vI N      , 2 5    , 3 3 3 4 6S         , 4 1 3 7S       , 

5 8   
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6 9    . The reduced form of the above matrix has the characteristic polynomial equation 

 
6 5 4 3 2

5 4 3 2 1 0 0a a a a a a           
 

 
where, 
 

5 1 2 3 4 5 6( ) 0a            
 

 

3

2 2
4 3 3 1 3 1 2 3 5 6 2 3 4 5 6 3 4 5 6( ( ) ( ) ( ) ( )va S I N                             

          4 5 6 5 6( ) ) 0       
 

 

3 3

2 2
3 3 3 1 2 4 5 6 3 3 1 6 2 4 3 3 1 4 5 6( ( ) ( ) ( )v va I S N S N S                         

         1 2 3 4 5 6 4 5 6 1 3 2 3 1 4 5 6( ) ( )( ) ( )) 0                       
 

 

 
3

2 2 2
2 3 3 1 2 3 5 6 5 6 3 3 1 3 3 3 1 2 4 1 3 4 2 3 4( ( ) ( )( )va I S I S N S                            

         
3 3 1 3 4 5 6 2 6 5 6 6 4 4 4 5 4 6( )vN S                        

         
3 3

2 2
4 5 6 3 3 2 1 2 3 3 3 5 6 1 5 6 2 3 4( )( ) ( )v vN S N S                         

         2 5 6 3 4 3 4 5 6 3 1 3 1 5 6 7 8 9( ) ) ( )) 0I S                    
 

 

3 3 3

2
1 5 6 2 2 1 2 3 3 1 3 4 5 3 1 3 6 2 3 2 3 4 4(( )( v v va I S N S N S N S                      

         
3 3 3

2 2
3 3 2 4 1 2 3 4 3 2 3 4 5 6 3 3 5 6 2 4) ( )v v vN S N S N S                      

         
6 61 2 5 3 4 3 4 5 1 2 3 1 2 3 1 5 6 7 8 9( ) ( ) ( )I S                       

         
33 1 3 3 1 5 6 7 8 9 3 6 3 1 5 6 7 8 9( ) ( )) 0vI S N S x x                 

 
 

30 3 3 4 5 6 2 4 3 2 1 2 3 4 5 6 3 1 2 3 3 1 5 6 7 8 9( ( ) ( )va N S I S                           

         
3 33 4 5 3 1 5 6 7 8 9 3 6 2 3 1 5 6 7 8 9( ) ( )) 0v vN S N S                         

 

3E  is locally asymptotically stable if 2 1 5 6 7 8 9S            (9) 

 

0 1 2, ,E E E  and 3E are local stable and satisfy the condition of Routh-criterion [22]. 

 

3.2 Global stability 
 
Here, we discuss the global stability behavior of the equilibrium 0 1 2, ,E E E  and 3E    by Lyapunov 

function 
 
3.2.1 Theorem  

(Stability at 0E ): The disease-free equilibrium point 0 ,0,0,0,0,0
B

E


 
  
 

 is globally asymptotically 

stable. 
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Proof: Consider the Lyapunov function 
 

( ) ( ) ( ) ( ) ( ) ( )c vL t V t N t I t H t R t      then 

 

' 32 1
9( ) 0c v

BB B
L t V N I R H R

 
     

  

      
               

        
 
If 
 

(i)
22

2

B
B


  


  

 
 

(ii)
23

3

B
B


  


                   (10) 

 

(iii)
21

1

B
B


  


  

 
 

So, if min  2
1 2 3, ,B B B    , then 0E is globally stable. 

 
3.2.2 Theorem  
 

(Stability at 1E ): The endemic equilibrium point 1 1 1 1 1( ,0, 0, , , )E S I M R  is globally asymptotically 

stable. 
 

We will discuss the global stability behavior of 1( 0)c vE V N  by Lyapunov function  

 

( ) ( ) ( ) ( )c vL t V t N t I t  
 

 

     '
2 3 1 7( ) c c v vL t SV V SN N SI I I            

 
 

Substituting 2 3 1c vSV SN SI     from the equation (1) ' ( ) 0L t   
 

By LaSalle’s Invariance Principle, 1E  is globally stable.            (11) 

 
3.2.3 Theorem  
 

(Stability at 2E ): The endemic equilibrium point 
22 2 2 2 2( , , 0, , , )cE S V I M R  is globally asymptotically 

stable 

We will discuss the global stability behavior of 2 ( 0)vE N   by Lyapunov function  

 

( ) ( ) ( ) ( ) ( )v cL t N t I t H t V t   
 

 



 
 
 

Shah et al.; JAMCS, 35(5): 102-120, 2020; Article no.JAMCS.59462 
 
 
 

115 
 
 

     '
2 3 1 8( ) c c v vL t SV V SN N SI I H H              

 
 

Substituting 
2 3 1c vSV SN SI     from the equation (1) ' ( ) 0L t   

 

By LaSalle’s Invariance Principle, 2E  is globally stable.  

 

Same way 3 ( 0)cE V  is also globally stable.                                                                         

 

4 Sensitivity Analysis 
 
In this section, the sensitivity analysis for all the parameters are shown in Fig. 2. 
 

 
 

Fig. 2. Sensitivity analysis of the parameters 
 

Fig. 2 shows the sensitivity of parameters 1 2 3 4 5 6, , , , , ,B        and 7 with respect to basic 

reproduction number. It can be seen from the figure that 
1 2 3 4, , , ,B      are positive which means that 

infection spreads and 5 6 7, ,   are negative which means that these parameters are not infected. 

 

5 Numerical Analysis 
 
In this section, we will study the numerical results of all compartments. 
 
Fig. 3 shows within one day; 16 susceptible individuals enter in vaccinated compartment. 14 vaccinated 
individuals get infected in one day, then after it starts decreasing. During 3 days, 7 susceptible individuals 
will go in to medicated compartment and after that it starts decreasing. During 3 days, 6 susceptible 
individuals get recovered. 6 medicated individuals get recovered in 14 days.40 susceptible individuals will 
go in to non-vaccinated compartment after 4 days. 



 
Fig. 3. Movement of an individual in each compartment

 

Table 2. Results of 

 
Equilibrium points 

0 ,0,0,0,0,0
B

E


 
  
 

 

1 1 1 1 1( , 0,0, , , )E S I M R  

22 2 2 2 2( , , 0, , , )cE S V I M R  

33 3 3 3 3( , 0, , , , )vE S N I M R  

 

 

Fig. 4. Motion of infected individuals towards medication
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Movement of an individual in each compartment 

Results of 
0R  at the points 

0 1 2, ,E E E and 
3E  

0R  

0.36 

17.4 

0.48 

( , 0, , , , ) 8.7 

 

Motion of infected individuals towards medication 
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If community does not opt for vaccination, then on average 18 individuals get infected
vaccinated individual transmits infection to only one. On an average 9 individual get affected from the 
infected population. 
 
As shown in Fig. 4, infected individuals opt for medication after certain time.
 

 
Fig. 5. Motion of non

As Fig. 5 indicates, more and more non
medication in the later stage increases for non
 

 
Fig. 6. The movement of susceptible individuals towar
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If community does not opt for vaccination, then on average 18 individuals get infected. Whereas 
vaccinated individual transmits infection to only one. On an average 9 individual get affected from the 

4, infected individuals opt for medication after certain time. 

 

Motion of non-vaccinated individual towards medication 
 

5 indicates, more and more non-vaccinated individuals go for medication. Intensity of the 
medication in the later stage increases for non-vaccinated individuals. 

The movement of susceptible individuals towards recovery 
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Whereas on average 
vaccinated individual transmits infection to only one. On an average 9 individual get affected from the 

vaccinated individuals go for medication. Intensity of the 

 



Fig. 6 shows the movement of susceptible individuals towards recovery. It may happen that these recovered 
individuals may again become victim of H1N1 after sometime.
 

Fig. 7. Percentage of vaccinated, Non
 
Fig. 7 shows that out of the total population 39% of individuals opts for vaccination. 34% remains 
unvaccinated. 27% of the individuals gets infected to H1N1 either due to vaccination or Non
 

6 Conclusion 
 
Transmission of H1N1 virus occurs rapidly amongst the population from different countries in the world. 
Simple personal measures may help to avoid seasonal the flu infection: vaccination against flu virus, hand 
hygiene, well- balanced diet, regular exercis
population is aware of the disease, they have a greater opportunity to protect themselves from infection, 
avoid unnecessary contact, and alleviate the spread. The 
health due to the limited availability of proper vaccines and antiviral drugs, the constant movement of the 
world’s population, and the unique nature of the virus. 
H1N1 as they do not have enough resources to tackle this situation. In this context, massive public 
awareness and knowledge about the disease may help reduce the number of causalities during future 
outbreaks. Our study showed that if the population is knowledgeable about th
mitigation measures they can adapt, and opt for vaccination, one infected individual transmits the infection 
to only one on average compare to one non vaccinated infected individual transmits the infection to 18 more 
people on average.  In this study, we have shown that vaccination is a key factor against this disease. The 
study is valuable to all mankind and shows that to attain valuable protection from this virus, the population 
needs to adapt to a good and healthy environment, is
proper time. We believe that increased knowledge, timely availability of vaccination, and improved general 
population awareness about H1N1 transmission are steps that individuals and the government 
prevent the rapid spread of the viruses by different preventive techniques. This can lead to a decrease in the 
socio-economic burden on society. The result will be a decrease in morbidity and mortality from H1N1.
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6 shows the movement of susceptible individuals towards recovery. It may happen that these recovered 
individuals may again become victim of H1N1 after sometime. 

 
 

Percentage of vaccinated, Non-vaccinated and Infected out of total population

7 shows that out of the total population 39% of individuals opts for vaccination. 34% remains 
unvaccinated. 27% of the individuals gets infected to H1N1 either due to vaccination or Non-vaccination.

Transmission of H1N1 virus occurs rapidly amongst the population from different countries in the world. 
Simple personal measures may help to avoid seasonal the flu infection: vaccination against flu virus, hand 

balanced diet, regular exercise, adequate sleep, and avoiding close contacts. If the general 
population is aware of the disease, they have a greater opportunity to protect themselves from infection, 
avoid unnecessary contact, and alleviate the spread. The influenza virus is a serious risk to global public 
health due to the limited availability of proper vaccines and antiviral drugs, the constant movement of the 
world’s population, and the unique nature of the virus. Many countries are not prepared for the epidemics of 

t have enough resources to tackle this situation. In this context, massive public 
awareness and knowledge about the disease may help reduce the number of causalities during future 
outbreaks. Our study showed that if the population is knowledgeable about the modes of transmission, 
mitigation measures they can adapt, and opt for vaccination, one infected individual transmits the infection 
to only one on average compare to one non vaccinated infected individual transmits the infection to 18 more 

In this study, we have shown that vaccination is a key factor against this disease. The 
study is valuable to all mankind and shows that to attain valuable protection from this virus, the population 
needs to adapt to a good and healthy environment, isolation from infected individuals, and vaccination at the 

We believe that increased knowledge, timely availability of vaccination, and improved general 
population awareness about H1N1 transmission are steps that individuals and the government 
prevent the rapid spread of the viruses by different preventive techniques. This can lead to a decrease in the 

economic burden on society. The result will be a decrease in morbidity and mortality from H1N1.
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6 shows the movement of susceptible individuals towards recovery. It may happen that these recovered 

population 

7 shows that out of the total population 39% of individuals opts for vaccination. 34% remains 
vaccination. 

Transmission of H1N1 virus occurs rapidly amongst the population from different countries in the world. 
Simple personal measures may help to avoid seasonal the flu infection: vaccination against flu virus, hand 

e, adequate sleep, and avoiding close contacts. If the general 
population is aware of the disease, they have a greater opportunity to protect themselves from infection, 

isk to global public 
health due to the limited availability of proper vaccines and antiviral drugs, the constant movement of the 

Many countries are not prepared for the epidemics of 
t have enough resources to tackle this situation. In this context, massive public 

awareness and knowledge about the disease may help reduce the number of causalities during future 
e modes of transmission, 

mitigation measures they can adapt, and opt for vaccination, one infected individual transmits the infection 
to only one on average compare to one non vaccinated infected individual transmits the infection to 18 more 

In this study, we have shown that vaccination is a key factor against this disease. The 
study is valuable to all mankind and shows that to attain valuable protection from this virus, the population 

olation from infected individuals, and vaccination at the 
We believe that increased knowledge, timely availability of vaccination, and improved general 

population awareness about H1N1 transmission are steps that individuals and the government can take to 
prevent the rapid spread of the viruses by different preventive techniques. This can lead to a decrease in the 

economic burden on society. The result will be a decrease in morbidity and mortality from H1N1. 
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