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Abstract

We obtain a rcessary and sufficient condition for'-convergence of a modified cosine sum ar
theorem of Telyakovskii [1] concerning convergence behadfiopsine series with monotonic decreasjng
coefficients has been deduced as a corollary.
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1 Introduction

Consider the cosine series

3+iak COSKX - (1.1)
2 A

Let Si(x) denote the partial sum of (1.1) and let f(x) =limg Sy(X).

The problem of L— convergence, via Fourier coefficients, consists of findimg properties of Fourier
coefficients such that the necessary and sufficient condibiofy S(x) — f(x) || = o(1), n— 09, is given in

the form alog n = o(1), n> 0 , where || . || denotes th&horm.
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The following definitions are related to this paper.

Convex sequencg2,vol.ll,p.202] A sequence fhis said to be convex f\%a =0 for every k where
Na= Aa—Aa. andda=a—au

Quasi- Convex sequenfzvol.ll,p.202]. A sequence {his said to be quasi-convex ifz k | A?a | < 0.
k=1

The class of all such sequences is an extension of tbe alaconvex null sequences. The class of quasi-

0

convex sequences is a subclas®yfclass (Z |Aak| <00), the class of all null sequences of bounded
k=1

variation.

Teljakovskii [3] generalized the notion of quasi- convexity.

Let {a;} be a sequence satisfying

ak > 0 as k—o; 1.2)
S1 = > |Aak| < oo; (1.3)
k=0

0 M/2] Aa ~ - Aa
2= 3 [y —Mk M+k|<oo. (1.4)

m=2 k=1 k

It has been established [3] that a quasi-convex null sequetigfeesahe conditions (1.2) (1.4) and imply
lim,_. Sy(x) exists where $x) is the partial sum of (1.1).

Concerning E-convergence of the cosine series (1.1), the following thedénown:

Theorem A2]. If a, 1 0 and {&} is convex or even quasi-convex, then for the convergehtee series (1.1)
in the metric spaceLit is necessary and sufficient thaii@ag n = o(1), n- .

Teljakovskii [4] generalized Theorem A for the cosineieser(1.1) with coefficients {4 satisfying
conditions (1.2)- (1.4) and established the following Theorem:

Theorem BJ[4]. Let the coefficients {g of the series (1.1) satisfy the conditions (1.2) (1.4).
If lim, .. a log n =0, then the cosine series (1.1) converges in‘theetric space.

Teljakovskii [3] has also shown that under the conditions (1(2)4), the series (1.1) is a Fourier series and

%o iak coskx dx< C(S+S,)

2 ka1

|

where C is a positive constant.

Sidon generalized the concept of quasi-convexity as follows:
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The class 95]. A null sequence {& belongs to the class S if there exists a sequengg $Ach that

(i) Acl 0, k— 00 (ii) iAk <00 and (ji) |Aa| < A forall k.
k=0

The class S is the extension of the class of quasi-cosegences. Since a quasi-convex null sequence

satisfies conditions of the class S, if we choose AY. | A%, |.
m=n

Teljakovskii generalized Theorem A by establishing the follgwheorem:

Theorem (J1]. Let {&} belong to the class S. Then the cosine series (1.1¢iEadhbrier series of its
sum fand || $x) — f(X) || = o(1), n> 0 ifand only if alogn = o(1), R> 0.

Teljakovskii, thus showed that the class S is also a olals§convergence which in turn led to numerous,
more general results.

Rees and Stanojevic [6,7] introduced a new type of cosine sum
1 = n n
hix= — X Aa, + > > Aa;coskx (1.5)
2 k=0 k=L j=k
and obtained a necessary and sufficient for its integrability.

Regarding the 1.- convergence of (1.5) to a cosine trigonometric sebielonging to the class S, Ram
proved the following result:

Theorem D[8]. If {a,} belongs to the class S, then

() = ha(x) || = 0(1), P~ .

Kumari and Ram [9] introduced a new modified cosine sum

f (%) =%+§n: ZH:A(a—_jjkcoskx (L6)
k=L =k J

and proved the result:

Theorem E.Let {a} belong to the class S.

If imy_ e |a&+|logn=0, then || f(x) fa(X) || = o(1), n> 00,
Hooda et al[10] introduced new modified cosine sum
1 n 2 n n 2 1.7)
9, = E a1+ZA a |+ > an+1+2A aj cos kx, :
k=0 k=1 j=k

and studied the necessary and sufficient conditions fot trmmnvergence and integrability of the limit of
(1.7) under the conditions (1.2) — (1.4).
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In recent years, significant results have been developegtigus authors [11-16] by imposing different
conditions on the coefficients, af trigonometric series (1.1). The aim of this paperaisstudy the
L'-convergence of (1.7) under class S on the coefficigntsé deduce Theorem C as a corollary of our
result.

2 Lemma

The following lemma is required for the proof of our result:
Lemma.l17]. If || <1, then

s

!,

where C is a positive constant angD) = (1/2) + cos x + ... + cos nx represents Dirichlet’s kernel

>¢,D, (X)

k=0

dx < C (n+1),

3 Results

Theorem 1.Let {a} belong to the class S, then

[| f(X) — ga(X) || = 0(1), n—>00 ifand onlyif alogn = o(1), n> 0.

Corollary 1. Let {&} belong to the class S, then

| S0 —f(x) ||= o(1), n-»>00 ifandonlyif alogn = o(1), n> © . This is nothing but theorem C.

Proof of Theorem MVe have

o(¥) = (%) [ai + I(Z:;,)Azak}+ i [am + Zn:Azaj:|cos kx

k=1 =k
n

= (U2)[@~ 3w+ awa] + 2 [&— 8w+ 3ud COS kx
k=1

n n

= (@/2) - (1/2)0an+ 2. acos kx—Aany 2, €os kx
k=1 k=1

n n
=(@/2) + 2, & c0S kx—Ady Z{cosks+ﬂ
k=1

K=1

= Si(X) = Aan1 Dn(x)
Using Abel’'s transformation, we get

n-1
G(x) = Y. AADX) + 8Dn(x) ~ Adv Dy(¥) (3.1)
k=0

n
= D> DaDX) + a2 D(X).
k=0
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Now,

09 =g = D A8,D, (X) = aw2Dr(x).

k=n+1

Abel transformation with lemmal yield,

[1£09 =9, (] dx

g

0

!
[h%s

0

ZAakD (X)

k=n+1

dx +.[|a"+2D (X)| dx

ZaMmm

k=n+1

n
dx +J‘|an+2Dn (X)| dx
0

w

dx+ +_|'|a

00

—1D,(x) D, (X)| dx

k n+1 j=0 j

n+2

IN

cymM&Imﬁmw

k=n+1

Dn(x)| behaves like glog n and under the assumed hypothesjsiogan = o(1), n-» ®© as

n+2

m
Now, ﬂa
0

well as z (k +1)AA, converges, the right hand side tends to zero-as and this gives
k=n+1

T
ima o [|f (%) = g, (X)] dx=o0.
0
On the other hand,

&e2Dn(¥) = Y02 D, (X) [ f(X) + g()] .

k=n+1

and so

]T|an+2Dn(X)| dx < J
0

0

ZAakD (x)

k=n+1

dx+j|f(x) g, (X[ dx.

Using the hypothesis of the theorem along with above estinth&gght hand side tends to zero as ®9.
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This completes the proof of our theorem.

Proof of Corollary 1. We have
I [T0) = Si(X) [dx =] [f(x) = Gu(X) + &h(X) — Si(x) | dx
0

| () — g(x) |dx +J. | h(¥) — Si(x) |dx
0

IN

IN
Oty O——y O+—Y

| f(x) —fa(x) |dx +J | A8n41 D(X)|dx
0

whereas

m

[ 182Dl < [ 1169 =0 I+ [ 1100 = 5100 | ox.
0 0 0

w

Sincej | Da(X) |dx behave like log n for large values of n and byhym@othesis of our result the corollary
0
follows.

4 Conclusion

In this paper, a new approach has been developed to obtaineasas/ and sufficient condition for

L'-convergence of trigonometric series (1.1). Our results cageberalized to obtain more interesting
results.
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